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Abstract 

A (smooth) dynamical system with transformation group T" is a triple {A,T"' , a), consisting of 
a unital locally convex algebra A, the n-torus T" and a group homomorphism a : T" ^ Ant{A), 
which induces a (smooth) continuous action of T" on A. In this paper we present a new, 
geometrically oriented approach to the noncommutative geometry of principal torus bundles 
based on such dynamical systems. Our approach is inspired by the classical setting: In fact, 
after recalling the definition of a trivial noncommutative principal torus bundle, we introduce a 
convenient (smooth) localization method for noncommutative algebras and say that a dynamical 
system {A, T", a) is called a noncommutative principal T"-bundle, if localization leads to a trivial 
noncommutative principal T"-bundle. We prove that this approach extends the classical theory 
of principal torus bundles and present a bunch of (non-trivial) noncommutative examples. 
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1. Introduction 

The correspondence between geometric spaces and commutative algebras is a familiar and 
basic idea of algebraic geometry. Noncommutative Topology started with the famous Gelfand- 
Naimark Theorems: Every commutative C*-algcbra is the algebra of continuous functions 
vanishing at infinity on a locally compact space and vice versa. In particular, a noncommutative 
C*-algebra may be viewed as "the algebra of continuous functions vanishing at infinity" on a 
"quantum space" . The aim of Noncommutative Geometry is to develop the basic concepts of 
Topology, Measure Theory and Differential Geometry in algebraic terms and then to generalize 
the corresponding classical results to the setting of noncommutative algebras. The question 
whether there is a way to translate the geometric concept of a fibre bundle to Noncommutative 
Geometry is quite interesting in this context. In the case of vector bundles a refined version of 



2010 Mathematics Subject Classification 46L87, 55R10 (primary), 37B05, 17A60 (secondary). 

We thank the Studienstiftung des deutschen Volkes for a doctoral scholarship supporting this work. 



Page 2 of SSI 



STEFAN WAGNER 



the Theorem of Serre and Swan |27] gives the essential clue: The category of vector bundles 
over a manifold M is equivalent to the category of finitely generated projective modules over 
C°°(Af). It is therefore reasonable to consider finitely generated projective modules over an 
arbitrary algebra as "noncommutative vector bundles" . The case of principal bundles is so far 
not treated in the same satisfactory way. From a geometrical point of view it is not sufficiently 
well understood what a "noncommutative principal bundle" should be. Still, there are several 
approaches towards the noncommutative geometry of principal bundles: For example, there 
is a wcU-dcvcloped abstract algebraic approach known as Hopf-Galois extensions which uses 
the theory of Hopf algebras (cf. [25j or |17l Chapter VII]). Another topologically oriented 
approach can be found in [11| : here the authors use C* -algebraic methods to develop a theory 
of principal noncommutative torus bundles based on Green' s Theorem (cf. |15l Corollary 15]). 
Furthermore, the authors of [3] introduce C*-algebraic analogs of freeness and properness, 
since by a classical result (of Differential Geometry) having a free and proper action of a Lie 
Group G on a manifold P is equivalent saying that P carries the structure of a principal 
bundle with structure group G. In |30j we have developed a geometrically oriented approach 
to the noncommutative geometry of principal bundles based on dynamical systems and the 
representation theory of the corresponding transformation groups. 

As is well-known from classical Differential Geometry, the relation between locally and 
globally defined objects is important for many constructions and applications. For example, a 
principal bundle (P, M, G, q, a) can be considered as a geometric object that is glued together 
from local pieces which are trivial, i.e., which are of the form U x G for some open subset 
U of M. Thus, a natural step towards a geometrically oriented theory of "noncommutative 
principal torus bundles" is to describe the trivial objects first, i.e., to determine and to classify 
the trivial noncommutative principal torus bundles. This was done in |31j : 

Definition 1.1. (Trivial noncommutative principal torus bundles). A (smooth) dynamical 
system (A, T",a) is called a (smooth) trivial noncommutative principal V^-bmidlc, if each 
isotypic component Ak, k G Z", contains an invcrtible element. 

This definition is inspired by the following observation: A principal T"-bundle (P, M, T",q, a) 
is trivial if and only if it admits a trivialization map. Such a trivialization map consists 
basically of n smooth functions : P -> T satisfying fi{<T{p, z)) — fi{p) ■ Zi for all p G P and 
z G T" . From an algebraical point of view this condition means that each isotypic component 
of the (naturally) induced dynamical system (C°°(P), T", a) contains an invertible element. 
Conversely, each trivial noncommutative principal T"-bundle of the form (C°°(P),T", a) 
induces a trivial principal T"-bundle of the form (P, P/T" , T" , pr, a) . The crucial point here is 
to verify the freeness of the induced action of T" on P. An important class of examples, which 
will also show up in this paper, is provided by the so-called noncommutative tori: 

Example 1.2. (a) (Noncommutative n-tori) Let 6' be a real skew-symmetric n x n matrix. 
The noncommutative n-torus Ag is the universal unital C*-algebra generated by unitaries 
f/i, . . . , C/„ with 

UrUs = cxp{2TTidrs)UsUr for all 1 < s < n. 

Moreover, there is a continuous action a of T" on Ag by algebra automorphisms, which is on 
generators given by 

a{t).U^ := t.U^ := t^ ■ for k G Z", 
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where := U^' ■■■U^^.ln particular, (^^)k = C ■ shows that the triple (A^, T", a) is a 
trivial noncommutative principal T"-bundle. 

(b) The smooth noncommutative n-torus Tg is the unital subalgebra of smooth vectors for 
the previous action. Its elements are given by (norm-convergent) sums 

a^Y^ flkC/'", with (ak)kez" G S'(Z"). 

Further, a deeper analysis shows that the induced action of T" on Tg is smooth. Thus, the 
triple (Tg,T",Q;) is a smooth trivial noncommutative principal T"-bundlc. 

Another hint for the quality of this definition for trivial noncommutative principal torus bundles 
is the observation that they have a natural counterpart in the theory of Hopf-Galois extensions: 
In fact, up to a suitable completion, they correspond to the so-called cleft C[Z"]-comodule 
algebras; loosely speaking, being cleft is a triviality condition in the theory of Hopf-Galois 
extensions: 

Remark 1.3. (Rcaltion to cleft Hopf-Galois extensions). An algebra A is a C[Z"]-comodule 
algebra if and only if yl is a Z"-graded algebra (cf. [Sj Lemma 4.8]). Moreover, we conclude 
from |25l Example 2.1.4] that a Z"-graded algebra A = ®keZ" is a Hopf-Galois extension 
(of Aq) if and only if A is strongly graded, i.e., Ak^k' = ^k-i-k' for all k, k' £ Z". Now, a short 
calculation shows that a C[Z"]-comodule algebra A is cleft if and only if each grading space Ak 
contains an invertible element. For more background on Hopf-Galois extensions, in particular 
for the definition of cleft extensions, we refer to |25l Section 2.2] or |30l Appendix A]. 

In view of the previous discussion, it is the next natural step is to work out a convenient 
localization method for non-commutative algebras or, more generally, for dynamical systems. 
For this we first note that the idea of localization comes from Algebraic Geometry: Given a 
point X in some affine variety X, one likes to investigate the nature of X in an arbitrarily small 
neighbourhood of x in the Zariski topology. Now, small neighbourhoods of x in X correspond 
to large algebraic subsets Y. For example, let Y be the zero set of some algebraic function / 
on X, which does not vanish at x. Then the aflane ring IK[(Ar\y)] is obtained from K[X] by 
adjoining a multiplicative inverse for /, i.e., taking the coproduct of K[X] with the free ring in 
one generator and dividing out the ideal If := (1 — ft); this is called inverting f. 

Proposition 1.4. (cf. [181 Chapter II, Proposition 2.2 (b)]) Let X be an affine variety 
and f an clement in the coordinate ring IK[X]. If Xf -.^ {x £ X : f{x) ^ 0}, tiien the map 

K[X]f ^ O.iXf), f:^{-^j^) 
is an isomorphism of rings. 

This construction is not valid for the algebra of smooth functions on some manifold M. Indeed, 
if / G C°°{M) and Alf := {m & M : f{m) ^ 0}, then not every smooth function g : Mf -^C 
is of the form -p- for ft, e C°°{M) and some n G N. This is due to the fact that there are 
"too many " smooth functions. Another important remark in this context is that the natural 
restriction map rjj : C°°(Af) — > C°°{U), f f\ir is in general neither injective nor surjective. 

In Section [2] we present a construction which will fix this problem. To be more precise, we 
present an appropriate method of localizing (possibly noncommutative) algebras in a smooth 
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way, while in Section 3 we are concerned with the problem of calculating the spectrum of such 
a localized algebra. 

Section 4 is devoted to discussing algebra bundles g : A — > Af with a possibly infinite- 
dimensional fibre A over a finite-dimensional manifold M . In particular, we show how to endow 
the corresponding space FA of sections with a topology that turns it into a (unital) locally 
convex algebra. The general philosophy here is use the existing results for mapping spaces and 
reduce the occurring questions of continuity to mapping spaces. 

In Section 5 we finally prove a smooth analogue of Proposition 11.41 for the algebra 
C°°(M) of smooth functions on some manifold A/. In fact, wc even show that if ^ is a 
unital Frechet algebra, {A,M,A,q) an algebra bundle and / <S C°°(Af, M), then the smooth 
localization of FA with respect to / is isomorphic (as a unital Frechet algebra) to FA^f^. . Here, 
Mf := {m G M : /(m) ^ 0}. This result means that it is possible to reconstruct C°°{U) by 
localization out of data from C°° {M) . The crucial idea is to embed U in an appropriated way 
as a closed submanifold into R x Af and, of course, the methods we use come from differential 
geometry, like the regular value theorem (also known as the submersion theorem). Thus, it is 
not straightforward if similar results also hold in the context of C*-algebras. 

Section 6 is dedicated to describing the spectrum of the algebra of sections of an algebra 
bundle with finite-dimensional commutative fibre. We obtain a beautiful result which connects 
algebra with geometry: 

Theorem. Let A he a Enitc-dimcnsional unital commutative algebra. Further, let 
(A, Af, A, q) he an algchra hundle. If dim A = n, then the spectrum FpA is an n-fold covering 
ofM. 

In Section [7] wc use the ideas of Sections [5] to introduce a method of localizing dynamical 
systems {A,G,a) with respect to elements of C^, i.e., with respect to elements of the 
commutative fixed point algebra of the induced action of G on the center Ca of A. In fact, this 
construction turns out to be the starting point for our approach to noncommutative principal 
torus bundles: Given a principal bundle (P, M, G, q, a) and an open subset U oi M such that 
Pu := q~^{U) is trivial, we show that the localization of the induced smooth dynamical system 
{C°°{P),G,a) around "?7" leads to the smooth dynamical system {C°° (Pu) , G , a) which is in 
turn nautrally isomorphic to the smooth dynamical system {C°°{U x G),G,a) coming from 
the trivial principal bundle (U x G,U,G, pr^/, cjq). 

The main goal of Section |5] is to present a geometrically oriented approach to the noncom- 
mutative geometry of principal torus bundles. As already mentioned a trivial noncommutative 
principal torus bundle is a dynamical system [A, T", a) with the additional property that each 
isotypic component contains an invertible element. In view of the previous discussion, our main 
idea is inspired by the classical setting: Loosely speaking, a dynamical system (A, T", a) is called 
a noncommutative principal T"-bundle, if it is "locally" a trivial noncommutative principal T"- 
bundle, i.e.. Section [7] enters the picture. We prove that this approach extends the classical 
theory of principal torus bundles and a present some noncommutative examples. Indeed, we 
first show that each trivial noncommutative principal torus bundle carries the structure of a 
noncommutative principal torus bundle in its own right. We further show that examples are 
provided by sections of algebra bundles with trivial noncommutative principal torus bundle as 
fibre, sections of algebra bundles which are pull-backs of principal torus bundles and sections 
of trivial equivariant algebra bundles. At the end of this section wc present a very concrete 
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example. 

Another advantage of our approach is that it seems to have a nice classification theory. 
Indeed, in |31L Section 4] we gave a complete classification of trivial noncommutativc principal 
torus bundles (up to a suitable completion). Thus it is, of course, a natural ambition to work 
out a classification theory for (non-trivial) noncommutativc principal torus bundles. The final 
section is therefore devoted to hints and ideas for an appropriate classification theory for (non- 
trivial) noncommutativc principal torus bundles. 

Appendix A is devoted to some results concerning the projective tensor product of locally 
convex spaces. In Appendix B we discuss some useful results on the smooth exponential law 
which will be used several times within this paper. 



Preliminaries and Notations 

All manifolds appearing in this paper are assumed to be finite-dimensional, paracompact, 
second countable and smooth. For the necessary background on (principal) bundles and 
vector bundles we refer to j20| . All algebras are assumed to be complex if not mentioned 
otherwise. Given an algebra A, we write := IIomaig(^, C)\{0} (with the topology of 
pointwise convergence on A) for the spectrum of A and Aut(^) for the corresponding 
group of automorphisms in the category of A. Moreover, a dynamical system is a triple 
{A,G,a), consisting of a unital locally convex algebra A, a topological group G and a group 
homomorphism a : G — >■ Aut(A), which induces a continuous action of G on A. 
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2. Smooth Localization of Noncommutative Spaces 

From the viewpoint of Noncommutative Differential Geometry, one might ask whether 
Proposition ll.4l is still true for the algebra of smooth function on a manifold M. Unfortunately, 
if / is an clement in C°°{M) and Alf := {m e M : f{m) ^ 0}, then not every smooth function 
g : Mf — !• ]K is of the form for h S C°°(M) and some n G N. In this section we provide a 
construction which will fix this problem. For the following propositions we recall the smooth 
compact open topology for smooth vector-valued function spaces of Definition IB. II and the 
projective tensor product topology of Definition lA.ll 

Proposition 2.1. If M is a manifold and A a locally convex algebra, then C°°iM,A) is 
a locally convex algebra. 

Proof. To prove the claim we just have to verify that the multiplication in C°°{M,A) is 
continuous: 

(i) For this we first note that the tangent space TA of A carries a natural locally convex 
algebra structure given by the tangent functor T, i.e., defined by 

{a,v){a' ,v') := {aa' ,av' + va'). 
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If tua : Ax a is the multiplication of A, then T{mA) : TA x TA = T{A x A) ^ TA is 
the multiplication of TA. Iterating this process, we obtain a locally convex algebra structure 
on T"j4 for each n e N. 

(ii) For elements /, 5 G C°° (M, A) the functoriality of T implies that 

T"(/.9) = T"(m^ o (/,.g)) = r\mA) o r"(/,g) = T"(m^) o (r"/,r"g) = T"/ ■ V'g. 

In particular, wc conclude that the embedding 

C^{M,A)^ H C{T''M,T"A), / (r"/)„eNo, 

neNo 

is a morphism of algebras. By |30l Proposition D.5.7], the multiplication on the product algebra 
on the right is continuous, which implies the continuity of the multiplication on C°°{M, A). □ 

Remark 2.2. If Af is a manifold and E a complete locally convex space, then the 
locally convex space C°°{M,E) is complete (cf. jl4l Proposition 4.2.15 (a))]. Moreover, 
a short observation shows that the subspace generated by the image of the bilinear map 
p : C°°{M) X i? — > C°°{M, E), (/, e) h-> / • e consists of functions whose image is contained 
in a finite dimensional subspace of E. Writing C^{M, E) for this subspace, we conclude from 
an example in [Gro55], Chapter 2, §3.3, Theorem 13 that the map 

(j) : C°°{M) ®E^ C^(M, E), f®e^f-e 

is an isomorphism of locally convex spaces and can therefore be extended to an isomorphism 
<& : C°°{M)®E — > C°° {M, E) of complete locally convex spaces. The crucial point here is to 
use the fact that C°°{M) is a nuclear space. Note that this isomorphism means that the smooth 
compact open topology and the projective tensor product topology coincides on C°°(M) E. 

Proposition 2.3. If M is a manifold and A is a complete locally convex algebra, then 
there is a unique locally convex algebra structure on the locally convex space C°" {M)(E)A for 
which C°° {M)^A and C°°{M, A) are isomorphic as complete locally convex algebras. 

Proof According to Proposition IA.4[ C°°{M) ^ A is a locally convex algebra. Thus, |30l 
Corollary D.1.7] applied to the multiphcation map of C°°(M) ®A implies that C°°{M)§)A 
is also a locally convex algebra. If fh denotes the multiplication map of C°° {M)(E)A and m 
the multiplication map of the locally convex algebra C°° (M, A) (cf. Proposition 12. ip , then it 
remains to verify the identity 

$ o m = m o ($ X <I>), (2.1) 

where <& : C°° (M)(E)A -> C°°{M,A) denotes the isomorphism of locally convex spaces stated 
in Remark 12.21 In fact, an easy observation shows that (|2.ip holds on C°°{M) (E) A and thus 
the claim follows from the principle of extension of identities. □ 

The next definition is crucial for the aim of this paper since it is the beginning of a smooth 
localization method: 

Definition 2.4. (Smooth localization of algebras). For n e N and a unital locally convex 
algebra A we write 

A{ti,...,tn} := C°°(R",A) 
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for the unital locally convex algebra of smooth ^-valued functions on M" (cf. Proposition [211]). 
We further define for each 1 < i < n and a E A a. smooth ^-valued function on E" by 

/^R"->A ih,...,tn)^lA-Ua. 

If oi , . . . , a„ € A, then we write Iai,...,a„ ■= {fai t ■ ■ i fa„ ) for the closure of the two-sided ideal 
generated by these functions. Finally, we write 

^{ai,...,a„} ^{^1, • . ■ -.tn] / Iai,...,a^ 

for the corresponding locally convex quotient algebra and 

'^{ai,...,a„} : ^{il, ■ ■ ■ ,tn} ^ ^{ai,...,a„} 

for the corresponding continuous quotient homomorphism. The algebra ^{ai....,a„} is called the 
(smooth) localization of A with respect to ai, . . . ,a„. 

We continue with a bunch of remarks on the smooth localization of an algebra: 

Remark 2.5. For n G N and a complete locally convex algebra A, Proposition [531 applied 
to M = M", implies that 

C°°(R")gA = C°°{W\A) 

as complete locally convex algebras. This result corresponds to the classical picture in 
commutative algebra of adjoining n indeterminate elements to a ring R by taking the coproduct 
of R and the free K-algebra in n generators: 

K[ti,...,t^](E}R^ R[ti,...,tn]. 

In particular, the algebra C°°(M",A) may be thought of the outcome of adjoining n 
indeterminates to the algebra A in a smooth way. 

Remark 2.6. Unlike in ordinary commutative algebra, where every element of the 
"classical localization" Aa of A with respect to a € ^ can be written in the form for 
some X E A and n £ N, we do, not even in the case n = I, have an explicit description of the 
elements of j4{„^ Moreover, the outcome is, in general, quite different from the classical 

localization procedure; for example, if one localizes an algebra A with respect to a non-zero 
quasi- nilpotent element a, i.e., an element with spec(a) — {0} which is not nilpotent, then 
A^a} — since the function fa is invertible in A{t}. On the other hand we have ^ j E Aa- 
We will point out another difference in Corollary 15.61 Nevertheless, by the universal property 
of the classical localization procedure, we have a canonical homomorphism from Aa to A^aj- 

Remark 2.7. Let A be an arbitrary (possibly noncommutative) unital algebra. Then 
localizing A with respect to leads to the zero-algebra, i.e., = and ^{o} = 0. On the 
other hand, if a in A is an invertible element, then localization of A with respect to a changes 
nothing, i.e., there is a canonical isomorphism between A and Aa- This is not clear at all for 
the smooth localization A^a}- 

Remark 2.8. (Frechet algebras). If A is a unital Frcchet algebra, then the same holds for 
A^ai,....a„}- Indeed, this assertion follows from the fact that the quotient of a Frcchet space by 
a closed subspacc is again Frechet (cf. (6] §3.5]). 
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Proposition 2.9. Let A be a complete unital locally convex algebra. Then the map 

eY, : A{t} A, / ^ /(I) 
is a surjective morphism of (complete) unital locally convex algebras with kernel 

:= {t-\)-A{t}. 

Proof, (i) According to |221 Proposition 1.2], the evaluation map 

evM : (R, A) x R ^ A, (/, r) ^ f{r) 

is smooth. In particular, the map evi is continuous. Further, a short observation shows that 
evi is surjective and a homomorphism of algebras. Therefore, evi is a surjective morphism of 
(complete) unital locally convex algebras. 

(ii) It remains to determine the kernel / := kerevi: Clearly, Ii^ CI. Therefore, let / E A{t} 
with /(I) = 0. We define a smooth ^-valued function on R by 

pi 

g:R^A, g{t) -.^ - 1) + 1) rfs. 

. 

Now, an easy calculation leads to 

f{t)^{t-l)-g{tl 

i.e., to / G hj^ and thus /i^ — I. □ 

Corollary 2.10. In the situation of Proposition 12. 91 the map 

(p: ^A, f + Ii„ ^/(l) 

is an isomorphism of (complete) locally convex algebras. 



Proof. In view of Proposition [23] and the definition of the quotient topology, the map if is 
a bijective morphism of locally convex algebras. Further, a short observation shows that the 
map 

where i : A — > A{t} denotes the canonical inclusion, is a continuous inverse of the map Lp. □ 
In the forthcoming chapter we will need the following property of ^{a} '■ 

Lemma 2.11. For all ai,...,a„£A there is a continuous A-bimodule structure on 
A{ai,...,a„}, given for all a,a' e A and f e A{ti, t„} by 

a.[f].a' := [a fa'] = a fa' + /ai,...,a„- 

Proof. The claim follows from the continuity of the A-bimodule structure on A{ti, . . . , i„}, 
given for all a,a' G A and / G A{ti, . . . , t„} by 

{a.f.a'){ti,. . . ,tn) a/(ii, • • • ,tn)a', 

and the definition of the quotient topology. □ 

Remark 2.12. (Another localization method). Another interesting localization method can 
be found in |21i Chapter 3] . Indeed, given a commutative R-algebra A and an open subset U of 
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the real spectrum Honiaig(A, R)\{0} of A (with the topology of pointwise convergence on A), 
the authors of [21] define Ajj to be the rmg of fractions of A with respect to the multipficative 
subset of all elements in A without zeroes in U, i.e., elements in Ajj are (equivalence classes 
of) fractions -, where a,s € A and s(x) := x{s) 7^ for all x e [/. In particular, they show 
that if ^ = C°°(M",M), then Au = C°"{U,R) for each open subset U of M" (cf. gH Chapter 
3, Example 3.3]). Of course, an important restriction of this approach is the commutativity of 
the algebra A. 

3. The Spectrum of ^{ai,...,a„} 

Before coming up with concrete examples of smoothly localized algebras, we will first be 
concerned with the problem of calculating the spectrum of A^ai,...,a„} for some unital locally 
convex algebra A and elements ai, . . . , a„ € A. In the following we write F^"' for the set of 
continuous characters of A. We start with discussing the spectrum of the algebra of smooth 
functions on a manifold: 

Lemma 3.1. If M is a manifold, then each character x '■ C°°{M) C is an evaluation in 
some point m G AI. 

Proof A proof of this statement can be found in |30i Corollary 4.3.2]. □ 

The next proposition shows that the correspondence between M and rpoo(j\/) is actually a 
topological isomorphism: 

Proposition 3.2. Let M be a manifold. Then the map 

■ M rc~(M), m>-^ dm- 

is a homeomorphism. 

Proof (i) The surjectivity of $ follows from Lemma 13.11 To show that $ is injective, 
choose elements m ^ m' oi M. Since M is manifold, there exists a function / in C°°{M) with 
/(m) ^ f{m'). Then 

implies that Sm 7^ ^m', i-e., ^ is injective. 

(ii) Next, we show that $ is continuous: Let m„ — >■ m be a convergent sequence in M. Then 
we have 

SrnAf) = fi^^n) ^ ./(™) = <5,„(/) for all / in C^{M), 

i.e., S„i„ Sm in the topology of pointwise convergence. Hence, $ is continuous. 

(iii) We complete the proof by showing that $ is an open map: For this let U be an open 
subset of M , mp in U and h a smooth real-valued function with h{mo) ^ and supp(/i) C U. 
Since the map 

Sh ■ rc«=(A/) ^ C, 5m Hm) 

is continuous, a short calculations shows that $([/) is a neighbourhood of toq containing the 
open subset S^^{C^). Hence, $ is open. □ 

The following observation is well-known, but by a lack of a reference, we give the proof: 
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Lemma 3.3. Let A and B he two unital locally convex algebras. Then the map 

$ : rr* X rr' r^f^'s, (xa, xb) -^xa®xb 

is a homeomorphism. 

Proof, (i) We first note that Lemma [A. 31 implies that the map $ is well-defined. To show 
that the map $ is bijective, we recall that each simple tensor a (g) 6 can be written as (a (X) Is) • 
(1^ (g) b). Therefore, every continuous character % : ^4 (g) i? C is uniquely determined by the 
elements of the form (a ® 1b) and (1^ ® &) for a g A and b £ B. In particular, the restriction 
of X to the subalgebra A® 1b, resp., 1a<S^ B corresponds to a continuous character of A, resp., 
B, i.e., 

X = Xa^Xb for XA e Ta and xb e Fs. 

Hence, $ is surjective. A similar argument shows that the map $ is injective. 

(ii) Finally, we leave it as an easy exercise to the reader to verify the continuity of $ and its 
inverse □ 



Remark 3.4. (Continuous inverse algebras), (a) A unital locally convex algebra A is called 
continuous inverse algebra, or CIA for short, if its group of units A^ is an open subset in A 
and the inversion map l : A^ ^ A^ , ai-^a~^is continuous at Ia- They are encountered in 
K-theory and noncommutative geometry, usually as dense unital subalgebras of C*-algebras. 

(b) For a compact manifold A/, the Frechet algebra of smooth functions C°°{M) is the 
prototype of such a continuous inverse algebra. More generally, if M is a compact manifold 
and A a continuous inverse algebra, then C°°(M, A), equipped with the smooth compact open 
topology, is a continuous inverse algebra (cf. |12l Proposition 7.1]). The example C°°(E,IR) 
shows that, if A is a continuous inverse algebra, C°°{M, A) need not have an open unit group. 

(c) If A is a commutative CIA, then each character x : A C is continuous. Moreover, given 
a maximal proper ideal / in A, then / is the kernel of some character x ■ ^ ^ C. A reference 
for the last two statements is [4l Chapter 2]. 

We are now ready to prove the following theorem on continuous characters of smooth vector- 
valued function spaces: 

Theorem 3.5. Let M be a manifold and A he a unital locally convex algehra. Further let 
B := C°°{M,A). Then the following assertions hold: 

(a) If M is compact and A is a CIA, then each maximal ideal of B is closed. 

(b) If A is complete, then each continuous character ip : B ^ C is an evaluation homomor- 
phism 

XoSm-.B^C, /^x(/M) 
for some m e M and x G F^f "* . 

Proof (a) We first note that Remark lXU fii) implies that B is a CIA. Hence, the unit group 
jjx — C°°{M, A^) is an open subset of B. If / C A is a maximal ideal, then / intersects B^ 
trivially, and since J5^ is open, the same holds for the closure /. Hence, / also is a proper ideal, 
so that the maximality of / implies that / is closed. 

(b) According to Proposition l2.3[ we know that C°°{M)^A and C°°{M, A) are isomorphic as 
complete unital locally convex algebras. In particular, C°°{M) g) A is a dense unital subalgebra 
of C°°{AI,A), and thus each (continuous) character ip : B ^ C restricts to a character on 
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C°°{M) (g) A, which is, by Lemma [3.31 an evaluation in some point {m,x) £ A/ x F™"*. This 
character is continuous with respect to the projective tensor product topology and can therefore 
be uniquely extended to a continuous character on B. □ 

Corollary 3.6. Let M be a manifold and A be a complete CIA. If B := C°°{M, A), then 
each continuous character if : B ^ is an evaluation homomorphism 

XoS^,:B^C, /^x(/M) 

for some m G M and x G • In particular, if M is compact, then each character of B is an 
evaluation homomorphism. 

Proof. The first part of the Corollary immediately follows from Theorem 13.51 (b) and 
Remark 13.41 (c), which states that every character of A is continuous. If M is additionally 
compact, then Remark 13.41 (b) implies that _B is a (complete) CIA. Therefore, the second 
assertion (again) follows from Rcmark l3.4l fc). □ 

Remark 3.7. It would be nice to find a purely algebraic proof of Corollarv l3.61 which shows 
that, even in the non-compact case, every (!) character of B is an evaluation homomorphism. 
By Lemma 13.11 this is, for example, true for A S {R, C} and should also work for function 
algebras on compact spaces, i.e., for commutative C*-algebras. For further investigations on 
this question, we refer to the paper |23) . 

Corollary 3.8. If M is compact and A a complete commutative CIA, then each maximal 
proper ideal of B := C°°{M, A) is the kernel of an evaluation homomorphism 

XoS^,:B^C, /^x(/M) 

for some m G M and x G Ta • 

Proof According to Remark 13.41 (b), B is a commutative CIA. Hence, Remark 13.41 (c) 
implies that each maximal proper ideal of B is the kernel of a character of B. Therefore, the 
claim follows from CoroUarv 13.61 □ 

The following theorem shows that, under a certain condition on the continuous spectrum of 
A, the bijection of Theorem 13.51 (h) becomes an isomorphism of topological spaces: 

Theorem 3.9. Let M be a manifold and A bo a complete unital locally convex algebra. 
Further, let B C°°{M, A) and assume that F™"* is locally cquicontinuous. Then the map 

$ : Af X FT' r^j™*, (m, x) ^ X o 

is a homeomorphism. 

Proof (i) Since A is unital, C°°{M) is a central subalgebra of B. Moreover, we note that 
A is embedded in B as the constant- valued functions. Hence, $(m, x) = ^{m' , x') implies that 
m = m' and x = x'j ^ is injective. Further, Theorem 13.51 (b) implies that the map $ is 
surjective. 

(ii) Next, we prove the continuity of the inverse map For this we choose a convergent 
net (pi = Xi ° X ° 5„i = (f in F^"*. Because C°°{AI) is a central subalgebra of B, we 
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conclude that Srm — >■ Sm in Fcooj^/). By Proposition 13.21 the last condition is equivalent to 
rrii m in M. Since A is embedded in B as the constant-valued lunctions, we get Xi ^ X 
A. 

(hi) To prove continuity ol $, let (toq, Xo) & M x F™"*, e > and / £ B. Wc first choose an 
equicontinuous neighbourhood V of xo in P™ "* such that 

vc[xerT'-- l(x - xo)(/(mo))| < |} . 

Next, we choose a neighbourhood W of /(toq) in ^ such that 

|x(a-/(mo))| < I 

for all a G and x G Finally, we choose a neighbourhood U of toq in A/ such that /(m) £ 
for all m € U. Then (m, x) £ C/ x y implies /(m) £ W and x G ^ and therefore 

lx(/M - /("^o))| < I and |(x - Xo)(/(mo))| < |. 

It follows that 

|<i>(m,x)(/)-<I>(mo,xo)(/)| - lx(/(m)) - xo(/(™o))| 
< I(X - Xo)(/(mo))| + |x(/M - /(mo))| < e 
for aU (to, x) e X y. □ 

Remark 3.10. (Sources of algebras with equicontinuous spectrum), (a) The spectrum P^ 
of each CIA A is equicontinuous. In fact, let ?7 be a balanced 0-neighbourhood such that 
U CIa-A'^. Then \Ta{U)\ < 1 (cf. the proof of H Lemma 2.2.4]). 

(b) Moreover, if A is a p-seminormed algebra, then [2j Corollary 7.3.9] implies that P™'^* is 
equicontinuous. 

Definition 3.11. For a unital algebra A and a £ A we write D{a) := {x £ Pa : x(a) 0} 
for the set of characters which do not vanish on a. Moreover, if ai, . . . , a„ £ A, then we define 

n 

D{ai, . . . ,a„) Pi D{ai). 

1=1 

Lemma 3.12. Each set of the form D{ai, . . . , a„) is an open subset of Pa- 

Proof By the definition of D{ai, . . . , a„), it suffices to show that each set of the form D{a) 
is open. Therefore, let a £ A be arbitrary and note that the function ev^ : Pa — C, x x(q^) 
is continuous. The claim now follows from D{a) = (cva)~^(C^). □ 

Next we want to describe the spectrum of A^a} for a complete locally convex algebra A and 
an element a € A. We first need the following proposition: 

Proposition 3.13. Let A be a unital locally convex algebra and let I be a closed two-sided 
ideal of A. Further, let t: : A ^ A/ 1 denote the quotient homomorphism. Then the map 

: {X e Pr* : X(/) = {0}} ^ ft;;, X ^ (a + / ^ x(a)) 
is a homeomorphism with inverse given by 

* : ^A/i ^ {X e Pr' : X(/) = {0}} , X ^ X T. 
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Proof. Since the quotient homomorphism tt : A —^^ A/I becomes continuous with respect 
to the quotient topology, the map $ is well-defined. Now, a short calculation shows that both 
maps $ and are continuous and inverse to each other. □ 

Theorem 3. 14. Let A be a complete unital locally convex algebra such that F™"' is locally 
equicontinuous. If ai, . . . , a„ G A, then the map 

^{ai.....a„} : ^(ai, . . . , a„) ^ r^^^ , ${a„...,a„}(x)([/]) := X (./ . . . , ^) ) 

is a homeomorphism. 

Proof, (i) A short observation shows that the map 



X(ai)'"'' X(an)" 
is clearly a homeomorphism onto its image. 

(ii) To proceed we show that the set X := im(0|(jj_ ^^j) is homeomorphic to r^"J^ ^ ^: 
For this we first put B := ^{^i, . . . , t„} = C°°(K", A). Then Proposition [SHI implies that'The 
space r^"^' ^ ^ is homeomorphic to {x £ F^"* : x(^ai,...,a„) = {0}}. Furthermore, Theorem 
13.91 implies that this last set is homeomorphic to 

{(n, . . . ,r„, x) G M" X FT' : X ° hr^,■■.rMIa,....,aJ = {0}} . 

Next, we observe that the condition x ° S{ri....,r„)ilai a„) = {0} is equivalent to rix{ai) = 1 

for all 1 < i < n, i.e., we have 

{(n, . . . ,r„,x) e R" X Fr* : ^(ri,...,r„,x)Uai,...,aJ = {0}} = X 

The corresponding homeomorphism </5{ai,...,a„} • ^ ^ ^'a^^ j given by 

((^'•■•'^'^)) ^t^^^ (^'•■•'^)) ■ 

(iii) The claim now follows from ^{a,,...,a„} = </'{ai,...,a„} o 0{ai,...,a„}- □ 



4. Tie Space of Sections of an Algebra Bundle as a Locally Convex Algebra 

In this section we are dealing with algebra bundles q : A ^ M with a possibly infinite- 
dimensional fibre A over a finite-dimensional manifold AI and show how to endow the 
corresponding space FA of sections with a topology that turns it into a (unital) locally convex 
algebra. 

Definition 4.1. (Algebra bundles). Let yl be a locally convex algebra. An algebra bundle 
(with fibre A) is a quadruple (A, M, A, g), consisting of an infinite-dimensional manifold A, a 
manifold M and a smooth map q : A M, with the following property: All fibres A^, m S M, 
carry algebra structures, and each point m £ M has an open neighbourhood U for which there 
exists a diffeomorphism 

(fiu - U X A^ q^^{U) = A[/, 
satisfying q o ipjj = pjj and all maps 

ipu,x ■ A Ax, a ^ ipu{x, a) 



are algebra isomorphisms. 
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Definition 4.2. (Sections of algebra bundles). Let (A, A/, A, q) be an algebra bundle. Then 
the corresponding space 

TA {s e C°°(A/,A) ■.qos = idM} 

of smooth sections carries the structure of an algebra. Indeed, given two sections si,S2 G TA 
and A G K, the vector space structure on FA is defined by 

(si + S2)(m) ;= si(m) + S2{m) and {Xs){m) :~ As(m). 

Moreover, the product (si • S2)(m) := si(m) • S2{m) defines a multiplication map on FA. If A 
has a unit, then the unit of FA is given by the section l{x) := 1a^- In this case C°°(M) is a 
unital subalgebra of FA. 

Our next goal is to endow FA with a topology. 

Construction 4.3. (A topology on FA). Let {A,M,A,q) be an algebra bundle and 
{ipi, Ui)i(zi a bundle atlas for (A, M, A, q). We endow FA with the initial topology Oi generated 
by the maps 

$, : FA ^ C°°([/„ A), s^s, :=pr^o(p-ios|[^^ 

for i £ I. Here, the right-hand side carries the smooth compact open topology from Definition 
IB. II This topology turns FA into a locally convex algebra (cf. Proposition 12. ip . We will see 
soon that the topology on FA docs not depend on the particular choice of the bundle atlas 
(V3,,[/j)i:6/- 

Lemma 4.4. Let (A, A/, A, g) he an algebra hundlc and {(pi,Ui)i^i a hundle atlas for 
{A, AI, A,q). Moreover, let (pji := ipj"^ o (^j (on [Ui n Uj) x A) and Si := ^i{s) for i,j G / and 
s G FA (cf. Construction 14. 3p . Then the following assertions hold: 

(a) If s G FA and Si(x) := (x, Si{x)) for i d I and x G Ui, then Sj = ipji o s'i for each i,j G /. 

(b) Conversely, if (si)ie/ G Yiiei i^i^ ^) satisfies sj = cpji o s?; for each i,j G /, then the 
map 

s : M ^ A, s{x) := {ifii o Si){x), x £ Ui, 
defines a section of the bundle (A, M, A, q) with ^i{s) = Si for each i £ I. 

Proof, (a) This is just a simple calculation involving the bundle charts {^pi, Ui)i^i. 
(b) Let X eU^nUj. Then 

{(Pj O Sj){x) = {ipj O ipji o s'i){x) = {(fi o Si){x) 

shows that the map s is well-defined. It obviously defines a section of the bundle (A, M, A, q) 
with ^i{s) = Si for each i £ I. □ 

Proposition 4.5. Suppose we are in the situation of Lemma \4.4[ Further, consider the 
algebra homomorphism 

: {TA,Oi) -^l[C°°{U^,A), <i>j{s) := ($,(s)).e/ = (s,)^e/- 

Then the following assertions hold: 
(a) We have 

im($/) = {isi)iei ■■ (Vi, j G /) s^- = ipji o Si}. 
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(b) The algebra homomorphism <&/ is a topological embedding with closed image. 
Proof, (a) The first assertion is a direet consequence of Lemma 14.41 

(b) Clearly, the map $/ is injective. Moreover, the topology Oj just defined in Construction 
14.31 turns it into a topological embedding. To see that im($/) is closed, let {sa)a£A be a net in 
FA such that ^i{sa) converges to some (si)ig/ e Yl^^j C^{Ui, A). Then lima Sa,i{x) = Si{x) 
for each i E I and x E Ui. From this we conclude that 

limS^(a;) lim{(pj, o s^,){x) = {ipj, o Si){x) 

a a 

for all i,jEl and x E UiCi Uj and thus that (si)ig/ G im$/ by part (a). □ 

Remark 4.6. (Smooth compact open topology=initial topology). Given a manifold M 
and a locally convex algebra A, the topology Oj on C°°{M, A) induced by an atlas {(fi, Ui)i^i 
of M (consider C°°(M, A) as the sections of the trivial bundle (M x A, Af, A, prj^j) and use 
Construction 14. 3p coincides with the smooth compact opnen topology traditionally considered 
on C°°(M, A) (cf. Definition IB. A very nice proof of this statement (and more background 
on topologies on function spaces) can be found in [131 Proposition 4.19 (d)]. 

Theorem 4.7. Let {A, AI, A,q) be an algebra bundle and {ipi,Ui)i^i a bundle atlas for 
(A, M, A, q). Further, let {ipj, Vj)j^j be another bundle atlas for (A, M, A, q). Then the identity- 
map 

id : (FA, Oi) (FA, Oj) 

is an isomorphism of locally convex algebras. In particular, the topology on FA does not depend 
on the particular choice of the bundle atlas. 

Proof. The universal property of the initial topology Oj implies that the identity map id 
is continuous if and only if the maps 

$j : (FA, Oi) C°°(V,-, A), s Sj 

are continuous for each j G J. Therefore, we fix j G J and note that the continuity of $j follows 
from Proposition (b). Remark 14.61 and the continuity of the map 

Y[C°°{U,,A) -^l[C^iVj n U,,A) (s,)^e/ ^ {9n ° (idy,nc/. x(sO|y,)W, 

where gji : {Vj fl Ui) x A ^ A denotes the smooth map defined by the transition function 
"0"^ o(fi. A similar argument shows that the "inverse" map id~^ is continuous. Thus, id is 
an isomorphism of locally convex algebras. □ 

Corollary 4.8. Let A be a Frechet algebra and (A, M, A, q) an algebra bundle. Then FA 
carries a unique structure of a Frechet algebra, when endowed with the topology of Construction 



Proof If {(fi,Ui)ii^i is a countable bundle atlas for {K,M,A,q), then Proposition 14.51 fbl 
implies that FA carries the structure of a Frechet algebra, since the right-hand side is a Frechet 
algebra and the image of is closed. That this structure is unique is now a consequence of 
Theorem [331 □ 
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The following remark can be used to verify that certain maps to FA are smooth. We recall 
that the space Hie/ C°°{Ui, A) carries the structm-e of an infinite-dimensional manifold: 

Remark 4.9. (Verifying smoothness on FA). If {A,AI,A,q) is an algebra bundle and 
{(pi, Ui)ii=i a bundle atlas for (A, M, A, q), then the map 

$j :FA^ J|C°°(C/„A), := {Ms)hei = (s.W 

iei 

is a smooth embedding. Indeed, Proposition l4.5l (h) implies that the map is continuous and 
linear. Hence, is smooth. Since $/ has closed image, we conclude from |14l Lemma 2.2.7], 
that a map / : iV — !• FA from a manifold N to FA is smooth if and only if the composition 
o / is smooth. 



5. Smooth Localization of Sections of Algebra Bundles 

In this section we finally want to prove a smooth analogue of Proposition II .41 for the algebra 
C°°(Af ) of smooth functions on some manifold M. In fact, we show that if ^ is a unital Frechet 
algebra, (A, A/, A, q) an algebra bundle and / S C°°{M, R), then the smooth localization of FA 
with respect to / (cf. Definition 12. 4[) is isomorphic (as a unital Frechet algebra) to TKmj , where 
Mf := {m E M : f{m) ^ 0}. To be more precise, we show that the map 

(j)f : FA{/} ^ FAm,, [F]^Fo(^jX idM,^ 

is an isomorphism of unital Frechet algebras. We start with a very useful lemma of Hadamard: 



Lemma 5.1. {Hadamard' s lemma). Let E he a complete locally convex space. Further, let 
U be an open convex subset of M'^ x K"~'^ containing and f : U ^ E be a smooth function 
that vanishes on U H ({0} x If pr^ : R" — M denotes the projection to the j-th factor, 

then 

k 

holds for suitable smooth functions gj : U ^ E. 



Proof. For x = {xi, . . . , x„) in U we define y := (xi, . . . , Xk, 0) and z := (0, Xk+i, • . ■ , Xn). 
We further define a smooth £'-valued curve h on [0, 1] by 

h:[0,l]^E, hit) ■.= fiz + ty). 
Then h'{t) = S^i^ + ^v) ' ^^"^ f'^'" 9j{^) Jo '§x~^'^ ^ ty)dt we obtain 



fix) = fix) - f{z) = hil) - hiO) = 



h' {t)dt ^J^djix) ■ Xj, 



i-e-, / = J2j=i 9j ■ Pr^ as desired. 



□ 



Theorem 5.2. (A factorization theorem for algebra bundles). Let A be a complete locally 
convex algebra and (A, M, A, q) an algebra bundle. Further, let h ~ (/ii, . . . , hk) : M — M'^ be 
a smooth function with G M'' as a regular value. If H := /i^^(O) is the corresponding closed 
submanifold of M , then the restriction map Rh '. FA — ^ FA^f , s i—> si^j is a surjective morphism 
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of locally convex algebras. Its kernel ker(i?/f ) is equal to 

{hi,..., hk) := {hi ■ si + . . . + hk ■ Sk : Si,...Sk e TA}. 
In particular, {hi, . . . ,hk) is a closed two-sided ideal of FA. 

Proof. The proof of this theorem is devided into three parts: 

(i) To show that the map Rh is a surjective morphism of locaUy convex algebras, we first 
note that Rh is obviously linear, multiplicative and continuous as a restriction map. Thus, it 
remains to prove its surjectivity: For this we have to show that any section s : H ^ Ah can 
be extended to a global section on A/. Locally this can be done, since H looks like M"^''' in K" 
(for n = dim Af) and s like a smooth A- valued function on M""*^. To get a global extension we 
have to use a partition of unity. 

(ii) Next, we show the equality of the kernel of Rh and the ideal {hi, . . . ,hk). Since 
Rh is continuous, this will in particular imply that {hi, . . . , hk) is a closed ideal of FA: 
We immediately verify that {hi, . . . , hk) C ker(i?/f). For the other inclusion, let s £ FA with 
Rh{s) = 0, i.e., s = on iJ. We claim that each m e Af has an open m- neighbourhood U such 
that 

k 

holds for suitable sections : U ^ Aij. If this is the case, we choose an open cover {Ui)i^i of 
Af such that 

k 

holds for suitable sections Sj : Ui Ajj. and a partition of unity (ipi, Ui)i^i subordinated to 
this cover. Since each section ipi ■ s'j : Ui — > Ajj. can be extended to a section on Af (by defining 
it to be zero outside supp(?/'i)), we conclude that 

s = X ^' ■ * = X X '^^ ■ • 4 = X '^M X ■ 4 ^ ^'^i' • • • ' 

(iii) We now prove the claim of part (ii). For this, let first be to e M\H. Then there exists 
j G {1, . . . , fc} and an open TO-neighbourhood U such that hj ^ onU. Therefore, we can write 

= ■ . 

Now, let m E H. By the Implicit Function Theorem we may choose a chart {tp, U) around m 
such that h o (p^^ : R" — > M*^ looks like the projection onto the first /c-coordinatcs and s o if~^ 
like a smooth A- valued function on R". If we write R" = R'° x R"^*^ and use Lemma ISTTl then 
we conclude that 

k 

soif-'^ = ^{hj o (^-1) • {sf o if-'^) 

for suitable sections :U ^ Ajj. In particular, from this we immediately obtain the desired 
representation 

k 

i=i 

□ 
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Lemma 5.3. If {A, M, A,q) is an algebra bundle and N a manifold, then the following 
assertions hold: 

(a) If {ipi, Ui)i^i is a bundle atlas for (A, M, A, q), then the algebra map 

is a topological embedding with closed image given by 

im($j) = {{Fi),ei ■■ El,neN) F){n) = o F\{n)) 

{cf. Lemma [T^ and Lemma [6.21 ). 

(b) If ]X]^ : N X M M denotes the canonical projection onto M and pr\j (A) the corre- 
sponding pull-back bundle, then the map 

* : C°°(7V,rA) ^ rpr;^(A), ^{F){n,m) := (n, m, F(n)(m)) 

is an isomorphism of unital locally convex algebras. 



Proof (a) The first assertion immediately follows from [G105], Lemma 4.2.6 applied to 
Proposition 14.51 

(b) For the second assertion we first note that both spaces, C°°{N, FA) and rpr^j(A), carry 
the structure of a locally convex algebra and that the map ^ is an algebras homomorphism. To 
see that ^ is bijective it is enough to note that each section s of the pull-back bundle pr (A) 
has the form 

s : N X AI ^ pr^/(A), s{n, m) ~ (n, m, Fs{n, m)) 

for some smooth function Fg : N x M ^ A satisfying q o Fs{n, •) = idi\i for each n G N, i.e., 
for some Fg G C°°(7V, FA). It therefore remains to show that the map ^' is bicontinuous: For 
this let {(fii, Ui)i^i be a bundle atlas for (A, M, A, q). Then the bicontinuity of ^ follows from 
the definition of the topology on F pr^(A) (which is induced from the bundle atlas [ipi, Ui)i^i) 
and part (a) of the lemma. □ 



Proposition 5.4. Let A be a unital locally convex algebra and {A,M,A,q) an algebra 
bundle. If fi, . . . , fk ■ M ^ R are smooth functions and Mf^^,,,ji^ := 0^=1 ^^fj i then the map 

PA) ^FAm,,,..,,,^, F^Fo (^1 X ... X ^ x id^,, 

is a surjcctive morphism of unital locally convex algebras. Its kernel kcr($yj^....yj.) is equal to 

Ih:-,h ■■= {(1 - tifi) • ffi + . . . + (1 - tkh) ■ gfe : 51, . . .fffe G C°°(M^FA)}. 
In particular, //i,...,/^ is a closed two-sided ideal of C°° {R'' ,TA). 



Proof. The proof of this proposition is divided into three parts: 
(i) We first note that G M'^ is a regular value for the function 

h-.R'' xM ^ R^ (ti, . . .,tk,m) ^-> (1 - ti/i(77i), . . . , 1 - tkfkim)) 

In particular. 



is a closed submanifold of R'^ x M. Further, we note that H is diffeomorphic to Mf^^,,,j^. 
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(ii) Next, Lemma [5751 (b) applied to the algebra bundle (A, M, A, q) and N ^R'' implies that 
the map 

* : C°°(M^ TA) ^ rprl,(A), *(F)((ri, . . . , r^), m) := ((n, . . . , r^), m, F(ri, . . . , r„){m)) 

is an isomorphism of unital locally convex algebras. A similar argument shows that the space 
r(pr^j(A))^ of sections of the pull-back bundle pr^(A) restricted to the submanifold H is 
isomorphic (as a unital locally convex algebra) to TAm/-^ ■ 

(iii) The assertions of the proposition now follow from Theorem 15 .21 applied to the restriction 
map 

i?H : rpr^j(A) ^r(pr^j(A))^, s ^ S|h 

□ 



Theorem 5.5. {Smooth localization of sections of algebra bundles). Suppose we are in the 
situation of Proposition 15.41 If A is a unital Frechet algebra, then the map $/i,...,/fc is open. 
Moreover, the induced map 

<l^fu-J. ■■ rA{/,, ...,/,} ^TAm,^ [F]^ Fo (^j-x ■■■ X j-x idM 

is an isomorphism of unital Frcchct algebras (cf. DeEnition \2.4\ for the dcGnition ofTA^f-^ j^y). 



Proof If A is a unital Frechet algebra, then so are FA, FAm^^ (cf. Corollarv 14. 8p 
and C°°{R'',TA). In particular, the Open Mapping Theorem (cf. }241 Chapter III, Section 
2.2]) implies that the map ^/i,...,/^ is open. Since the quotient of a Frechet space by a closed 
subspace is again Frechet (cf. [6j §3.5]), we can use the Open Mapping Theorem again to see 
that the map 4>fi....j^ is an isomorphism of unital Frechet algebras. □ 

Although C°°{M)[f^ is not the ring of fractions with some power of / as denominator, 
Theorem 15.51 yields the desired smooth analogue of Proposition 11.41 



Corollary 5.6. Let M be a manifold and A a unital Frcchct algebra. Further, let 
fi, . . . , fk : M ^ M. be smooth functions and Mf^ :— (Xj=i fj ■ Then the map 

hu...Jk ■■ C°°(M,A){;,,...,^,} ^ C^{Mf,_j,,A), [F]^Fo(J-x--.xj-x idA/,^.,...,^) 
is an isomorphism of unital Frechet algebras. 



Proof. The assertion directly follows from Theorem [53] applied to the trivial algebra bundle 

{M X A,A,M,qM). □ 

We now present a very useful and well-known theorem of analysis: 



Theorem 5.7. {Whitneys Theorem). Any open subset U of a manifold M is the 
complement of the zcroset of a smooth function f : M ^ M, i.e., 

U = Mf {m e M : /(m) 0} for some f G C°°{M,R). 

Such a function f is called a U -dcGning function. 
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Proof. A proof for the case M = R" can be found in [GuPo74], Exercise 1.5.11. A 
combination with a partition-of-unity argument proves the general case. □ 

Corollary 5.8. If A is a unitai Frcchct algebra, (A, M, A, q) an algebra bundle and fjj a 
U-defining function corresponding to an open subset U of M , then the map 

is an isomorphism of unitai Frcchet algebras. 

Proof This assertion is a direct consequence of Theorem 15.51 □ 



6. The Spectrum of the Space of Sections of an Algebra Bundle 
with Finite-Dimensional Commutative Fibre 

In the last two sections we were concerned with sections of algebra bundles. The goal of 
this section is to describe the spectrum of the algebra of sections of an algebra bundle with 
finite-dimensional commutative fibre. We show that if (A, Af , A, q) is such an algebra bundle, 
then the spectrum of the corresponding algebra FA of sections is an n-fold covering of M (here 
n = dim Ass). 

Theorem 6.1. (Weddcrburn-Artin) . Each finite-dimensional semisimple unitai algebra is 
isomorphic to a direct product of matrix algebras, i.e., to 

Mfci (C) X • ■ • Mfe„ (C) for some fci, . . . fc„ e N. 

Conversely, each finite direct product of matrix algebras is a semisimple unitai algebra. 

Proof For the proof of this statement we refer, for example, to [9l Theorem 2.4.3]. □ 

Corollary 6.2. Each finite-dimensional semisimple unitai algebra which is commutative 
is isomorphic to a direct product of copies of C. 

Proof This assertion is a direct consequence of Theorem 16.11 □ 

If a unitai algebra A is not semisimple, it is quite natural to measure the defect for A not 
being semisimple. This can be done with the so-called Jacobson radical: 

Definition 6.3. (The Jacobson radical). The Jacobson radical A^ of a finite-dimensional 
unitai algebra A can be defined as 

(a) the largest nilpotent ideal of A. 

(b) the intersection of all maximal ideals of A. 

(c) the smallest ideal of A such that the quotient algebra A /An is semisimple. 
In fact, for the equivalence of these definition we refer to [O] Section 3.1]. 

Lemma 6.4. Let A be a finite-dimensional unitai algebra. Further, let A^ be the Jacobson 
radical of A and Ass A/A^ the corresponding semisimple unitai quotient algebra. Then the 
following assertions hold: 
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(a) Each algebra automorphism <f> G Aut(A) leaves A-^ invariant, i.e., restricts to an algebra 
automorphism (p^ of A^- We write 

7r„ : Aut(A) Aut(An), (/i 0n 

for the corresponding group homomorphism. 

(b) In particular, each algebra automorphism (j) G Aut(A) descends to an algebra automor- 
phism (pss of Ass. We write 

TTss : Aut(A) ^ Aut(Ass), (l> i-> 
for the corresponding group homomorphism. 

Proof (a) The first assertion follows from the Definition of A^ (cf. Definition 16.31 (a) or 
(b)). 

(b) The second assertion is a consequence of part (a) . □ 

Proposition 6.5. Suppose we are in the situation of Lemma [Ol Further, let (A, AI, A, q) 
be an algebra bundle and {(pi,Ui)i^i be a bundle atlas for {A,AI,A,q). If Uij :~ UiOUj 
for i,j € I and gij S C°°(J7y , Aut(j4)) arc the corresponding transition functions, then the 
following assertions hold: 

(a) There exists an algebra (sub-) bundle (An, A/, An, gn) of {A,M,A,q) with bundle charts 
iff : Ut X An — > (An)c/, such that 

{{ifi'l)-^ o ip]){x,an) = (a;,gfj(a;).an), where gf^ := TTn o 5^ g C°° (Uij , Aut{An)) . 

(b) There exists an algebra bundle (Ags, AI, Ass, qss) with bundle charts (pf : Ui x Ass — > {^ss)ui 
such that 

((V3f o ip''p{x, ass) = {x,gfj{x).ass), where gf^ tt,, o g,^ g C°°([/y, Aut(A,,)). 

In particular, the algebra bundle (Agg, AI, Ass, Qss) can be realized as the quotient algebra 
bundle of (A, AI, A, q) with respect to (An, M, A^, qn)- The corresponding quotient map is 
given by 

p : A Ass, p{a) := a + (An)™ for a e A„. 

(c) We obtain a short exact sequence 

— > FAn — ^ FA ^ FAss — > 
of (Frcchct-) algebras. Here, the second arrow denotes the natural inclusion and 
{Tp{s)){m) := p{s{m,)) for s 6 FA and m G M. 

Proof. (a),(b) The first two assertions are a consequence of Lemma [6.41 and [261 Part I, 
Section 3, Theorem 3.2]. 

(c) The third assertion foUows from an easy calculation and part (a) and (b). □ 

Remark 6.6. (Finite open cover property). If {K,AI,A,q) is an algebra bundle over a 
compact manifold AI , then it is obviously true that there exists a finite open cover {[/i}i<i<m 
of M such that each Kij^ := q^^{Ui) is trivial. Note that this property is also true for arbitrary 
manifolds: 

Indeed HJ Theorem 7.5.16] states that if {A,AI,A,q) is an algebra bundle over a manifold 
AI of dimension n, then there is a cover {Ui}i<i<n+i of M , such that Au^ q~^{Ui) is trivial. 
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Proposition 6.7. Let {An,M,An,q^) be the algebra (sub-) bundle of ProDOsition \6.5\ (a). 
Then FAn consists of nilpotent elements, i.e., for each s G FAn there exists a natural number 
71 e N such that s" = 0. 

Proof In view of Remark 16.61 and Proposition 14. 5[ FAn can be embedded into a finite 
product of the form Yliizj C°° {Ui, A). Since each function Si S C°°{Ui,A) appearing in the 
image ^i{s) = (si)ig/ of an element s G FAn takes values in ^n, there exists a natural number 
71 e N such that $/(s") = (sf = (O);^/. Thus, we obtain s" = as desired. □ 

Theorem 6.8. Let A be a Enite-dimensional unital algebra and (A, M, A, q) be an algebra 
bundle. Further, let {Ags, M, Ags, Qss) be the algebra bundle of Proposition [^31 (b). Then the 
map 



where s G FA with Tp{s) = s, is a wcll-dcGncd homcomorphism with inverse given by 



for s = Fp(s). 

Proof (i) We first show that <i> is well-defined. For this we have to verify that each character 
X G FrA vanishes on FAn (cf. Proposition 16.51 (c)): Indeed, if x S FpA and s G FAn, then 
Proposition 16.71 implies that there exists a natural number n E N such that s" = 0. Hence, 
x(s) = follows from = x(s") = x('S)"- 

(ii) Now, a short calculation shows that both maps $ and Vl' are continuous and inverse to 
each other. □ 

In the following we describe the spectrum of the algebra of sections of an algebra bundle 
with finite-dimensional scmisimple commutative fibre: 

Lemma 6.9. Let M be a manifold and A = for some n gN. Then the map 
X {l,...,7i}^Fcoo(M,^), ^m,k)iF)^Fk{m), 
where F = {Fi, . . . , Fn) £ C°°(M, A), is a homcomorphism. 

Proof The assertion immediately follows from Theorem 13.91 and the observation that 



Lemma 6.10. For n eN let In := {1, ... ,71} and A = C". Then the following assertions 
hold: 

(a) We have Diff(/„) = Sn, where Sn denotes the symmetric group of order n. 

(b) The map 



$:FrA^FrA.., $(x)(s) := x(s), 



^' : FrA.. ^ FrA, ■^{x){s) xl^) 



Fc = {idc}. 



□ 



l: Sn^ Aut(A), t(CT)(zi,...,z„) := (z^-i(i) , . . . , z, 
is an isomorphism of groups. 




(c) Let M be a manifold. If wc identify A with C°°(/„), then the map 

km:C'^{M,A)^C'^{MxI^,), f ^ f"", 
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where 

: M X /„ ^ C, /^(m, k) := /(m)(fc) 
is an isomorphism of unital Frechet algebras. 

Proof. (a),(b) The proof of the first two statements is left as an easy exercise to the reader, 
(c) The last assertion follows from Lemma [R2l applied to TV = /„. □ 

Proposition 6.11. Let A be a finite-dimensional commutative unital algebra and 
n := dim Ass. Further, let (A, M, A, q) be an algebra bundle and {(pi,Ui)i^i be a bundle atlas for 
{A,M,A,q). If U.,-j := Ui fl Uj for i,j € I and gfj G C°°(C/ij , Aut( Ass)) are the corresponding 
transition functions of (Agg, A/, Ags, fe) {cf Proposition I6'.5p . then there exists a Ebre bundle 
(M, M, In,p), i-C, an n-fold covering p : M M with bundle charts ipi : Ui x /„ Mjj. such 
that 

{ijj'^ o ■4>j)(x, k) = {x, h,j{x).a), where h,j := o gf^ e C°°(t/y, Diff (/„)) 
(cf. Lemma \6. 1 Op . 

Proof. The assertion of this proposition follows from Lemma 16.101 (b) and [261 Part I, 
Section 3, Theorem 3.2]. □ 

Proposition 6.12. Suppose we are in the situation of Proposition\6Al\ Further, consider 
the algebra homomorphism 

with fi := f^fi^ o ipf. Then the following assertions hold: 

(a) If := Tpl^ o (on Uij x /„), then 

im(*7) = {{f^)^eI ■■ (yi,j e I) fj = o f,}. 

(b) The algebra homomorphism "i! i is a topological embedding with closed image. 

Proof The proof of this proposition is similar to the proof of Proposition U3I D 

Proposition 6.13. Suppose we arc in the situation of Proposition \6.11\ Further, let 

: PAss ->n^"(^*'^-)' - {Ms)hei = is^)^eI 

iei 

be the embedding of Proposition 14.51 applied to the algebra bundle (Ass, Af, Ass, fe) and 'J/ 
tiie embedding of Proposition \6.12l Then the map 

Qi : PAss ^ C°°(M), ni := o (^H^c^-^ ° 

is an isomorphism of unital Frechet algebras. Here, kij. denotes the map of Lemma 1 6. 101 (c) 
applied to M = Ui and Ass = C". 
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Proof. In order to prove the assertion, it is enough to verify that the image of the map 
(riie/ '^u) ° is equal to im(\['/). In fact, this immediately follows from Lemma IB. 101 (a) and 
(b). □ 

Theorem 6.14. (The spectrum as an n-fold covering). Let A be a finite-dimensional 
commutative unital algebra. Further, let (A, M, A, g) be an algebra bundle and {ipi,Ui)i£i 
be a bundle atlas for {A,M,A,q). If M is as in Proposition \6.11\ and Sffi denotes the usual 
evaluation map in some fh G M , then the map 

S/:M->rrA, S/(m)(s) := 5ffi(l]/(s)) 

is a homeomorphism. Here, fi/ is the map of Proposition \6.13\ and s = rp(s) (cf. Proposition 
I6'.5p . In particular, if n := dim Agg, then the spectrum Tyk is an n-fold covering of M. 

Proof Wc first note that the map Ej is wcU-dcfincd. Next, let 

: A/ ^ r^^^j^j, m^Sffi 
be the homeomorphism of Proposition 13.21 and 

the homeomorphism induced by the map fi/ of Proposition l6.13l If ^ is the homeomorphsim of 
Theorem 16.81 then a short observation shows that S/ = 5* o o From this wc conclude 
that S is a homeomorphism as it is a composition of homcomorphisms. □ 

Corollary 6.15. Suppose we are in the situation of Theorem \6.14\ with A = C". Then 
the map 

Ei-.M^Tta, $(to)(s) := (s,)fe(m), 

for i€l with m=p{m)£Ui, k £ !„ with ipi{m,k)—fh and = ((si)i, . . . , (si)„), is a 
homeomorphism. 

Proof This assertion is a direct consequence of Theorem 16.141 □ 



7. Smooth Localization of Dynamical Systems 

In this section wc present a method of localizing dynamical systems {A, G, a) with respect 
to elements of the commutative fixed point algebra of the induced action of G on the center 
Ga of A. In fact, this construction turns out to be the starting point for our approach to 
noncommutative principal torus bundles. 

Notation 7.1. Let (A, G,a) be a dynamical system and Ga be the center of A. If c G 
GaiQ G G and a £ A, then the equation a{g,c)a = aa{g,c) shows that the map a restricts to 
a continuous action of G on Ga by algebra automorphisms. In the following we write Z for the 
fixed point algebra of the induced action of G on Ga, i.e., Z ~ G^. We further write A^^} ioi 
the smooth localization of A with respect to z £ Z and 

for the corresponding continuous quotient homomorphism (cf. Definition 12. 4p . 
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Lemma 7.2. With the notations from above, the following assertion holds: The map 

defines on ^{z} the structure of a right locally convex Z-module. 

Proof. Since Z is commutative, the assertion directly follows from Lemma 12.111 □ 

Proposition 7.3. The locally convex space A^^} becomes a locally convex algebra, when 
equipped with the multiplication 

m|z} : ^{z} X ^{z} ^ ^{z}, rn{[f], [/']) := [/ • /']. 

Proof. This assertion is an easy consequence of the construction of ^{z}- Indeed, if m 
denotes the (continuous) multiplication map of the algebra C°°{M.,A), then the continuity of 
TO{z} follows from m^z} ° (j^{z} x '^{z}) = '^{z} ° ^-nd the fact that the map t^{z} x '^{z} is 
continuous, surjective and open. □ 

Remark 7.4. (Smooth dynamical systems). We call a dynamical system {A,G,a) smooth 
if G is a Lie group and the group homomorphism a : G ^ Aut(A) induces a smooth action of 
G on A. 

A classical example of such a smooth dynamical system is induced by a smooth action 
a : M X G ^ M of a Lie group G on a manifold M. In particular, each principal bundle 
{P,M,G,q,(T) induces a smooth dynamical system {C°°{P),G,a), consisting of the Frechet 
algebra of smooth functions on the total space P, the structure group G and a group 
homomorphism a : G ^ Aut(G°°(P)), induced by the smooth action ct : P x G — ?> P of G on 
P. For this and further (non-classical) examples of smooth dynamical systems we refer the 
interested reader to the examples of Section [8] or j30j . 

Lemma 7.5. Let {A,G,a) be a {smooth) dynamical system and M a manifold. Then the 
map 

f3:Gx G°°{M,A) C^{M,A), {gj) ^ a{g) o / 

defines a (smooth) continuous action of G on G°° (M, A) by algebra automorphisms. In 
particular, the triple {G°°{M, A),G, (5) is a (smooth) dynamical system. 

Proof We first note that the map 

evM ■.G°°{M,A) X M ^ A, {f,m)^f{m) 

is smooth (cf. j22l Proposition 1.2]). Then Lemma [6.21 implies that the map j3 is smooth if and 
only if the map 

: G X G°° {M, A) x M A, {g, m, f) ^ a{g, f{m)) 

is smooth. Since (3^ = a o (idc x evj\f ), we conclude that (3^ is smooth as a composition of 
smooth maps. Clearly, /3 defines an action of G on G°°(M, A) by algebra automorphisms. □ 

Proposition 7.6. If {A, G, a) is a dynamical system and z ^ Z, then the map 
a{z} : G X A{,y ^ A[,y, {g, [/]) ^ [a{g) o /] 
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defines a continuous action of G on ^{z} algebra automorptiisms. In particular, tfie triple 
(A^zj., G, ajz}) is a dynamical system. 

Proof. If g G G, then a{g){lA — iz) = 1a ~ i^: implies that the map a{z} is well-defined. 
Further, a simple calculation shows that the map a{z} defines an action of G on A^^^y by algebra 
automorphisms. That this action is continuous is a consequence of the continuity of the map 

(3:GxC°°{R,A)^ C°°{R,A), {g,f) ^ a{g) o / 

(cf. Lemma [7751 applied to M = M), a^^^ o (idc 'X'^{z}) = '^{z} ° 1^ and the fact that idg X'l'fz} 
is continuous, surjective and open. □ 

Definition 7.7. (Smooth localization of dynamical systems). Let (A, G, a) be a dynamical 
system and z & Z. We call the dynamical system (^{z}, G, a^z}) of Proposition l7.6l the smooth 
localization of {A, G, a) associated to the element z G Z. 

Example 7.8. Let (P, M, G, g, a) be a principal bundle and (G°°(P), G, a) be the induced 
smooth dynamical system (cf. Remark l7.4p . Further, let U be an open subset of M such that 
Pu is a trivial principal G-bundle over U, i.e., such that Pjj = U x G holds as G- manifolds. If 
/ is a t/-defining function (cf. Theorem 15. 7p . then ft, := / o g is a P[/-defining function lying in 
the subalgcbra C°°{P)^. Thus, we conclude from Corollarv 15.61 that the map 

<l^u : C°°(P){„} ^ G°°(Pc;), [F] ^(^p^F (/^.p)) 

is an isomorphism of unital Frechet algebras. Moreover, the map (f>ij is G-cqui variant. In fact, 
we have 

° am )(<?, [P]) =a(5,0c/([P])) 

for all g G G and [P] g G°°(P){;i}. In particular, the corresponding localized dynamical system 
(G°°(P){;ij., G, Qfj/j}) of Proposition 17.61 carries the structure of a smooth dynamical system, 
since it is isomorphic to the smooth dynamical system {C°°{Pu),G,aij) corresponding to the 
trivial principal G-bundle Pjj over U. 

In the remaining part of this section we will be concerned with the spectrum of ^{z}- 

Lemma 7.9. If {A, G, a) is a dynamical system and z G Z, then the map 
a{z} : rT;i\ X G ^ r^Tf^, (X,5) ^ X o a{.}(5) 
defines an action of G on FT"* . 

Proof. This claim follows from a simple calculation and is therefore left to the reader. □ 

Remark 7.10. (PJi™'^). Let A be a complete unital locally convex algebra such that F^^"* 
is locally equicontinuous. Then Theorem 13. 141 implies that the map 

ci>{z} : DMz) ^ r^i-V '^'W^/]) ^ (/ (^)) 
is a homeomorphism. 
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8. Noncommutative Principal Torus Bundles 

The main goal of this section is to present a geometricahy oriented approach to the non- 
commutative geometry of principal torus bundles. As already mentioned in the Introduction, 
a trivial noncommutative principal torus bundles is a dynamical system (A, T",a) with the 
additional property that each isotypic component contains an invertible element. Since the 
freeness property of a group action is a local condition (cf. Remark IS.lOp . our main idea is 
inspired by the classical setting: Loosely speaking, a dynamical system {A,T",a) is called a 
noncommutative principal T"-bundle, if it is "locally" a trivial noncommutative principal T"- 
bundle, i.e., Section [7] enters the picture. We prove that this approach extends the classical 
theory of principal torus bundles and present some noncommutative examples. Indeed, we 
first show that each trivial noncommutative principal torus bundle carries the structure of a 
noncommutative principal torus bundle in its own right. We further show that examples are 
provided by sections of algebra bundles with trivial noncommutative principal torus bundle as 
fibre, sections of algebra bundles which are pull-backs of principal torus bundles and sections 
of trivial equivariant algebra bundles. At the end of this section we present a very concrete 
example. 

Notation 8.1. Given a dynamical system {A, G, a), we (again) write Z for the fixed point 
algebra of the induced action of G on the center Ga of A, i.e., Z := C^. In particular, if P 
is a manifold, G a Lie group group and {G°"{P),G,a) a (smooth) dynamical system, then 
Z = C°°(F)'^. 

Definition 8.2. (Noncommutative principal torus bundles). We call a (smooth) dynamical 
system (A, T",a) a (smooth) noncommutative principal T"-bundJe if for each x S there 
exists an element z € Z with x{z) ^ such that the corresponding localized dynamical system 
(A{j,|, T", a|2|) of Proposition 17.61 is a (smooth) trivial noncommutative principal T"-bundle 
(cf. Definition [LI]). 

Remark 8.3. The previous definition of noncommutative principal torus bundles is 
inspired by the classical setting. In fact, we will see in Theorem 18.111 that it actually agrees 
with the classical definition of principal torus bundles if we identify open subsets \J of the base 
manifold with the corresponding [/-defining functions and use Corollarv 15.61 

Remark 8.4. (An equivalent point of view). Given z 6 ^, we recall that 

D{z) :={xerz : x(z) 0}. 

Then a short observation shows that a (smooth) dynamical system (A,T",q;) is a (smooth) 
noncommutative principal T"-bundle if and only if there exists a family of elements {zi)i^j C Z 
satisfying the following two conditions: 

(i) The family {D{zi))i^j is an open covering of Tz- 

(ii) The localized dynamical systems (A{^2.},T", a^^.j) are (smooth) trivial noncommutative 
principal T"-bundles. 

Lemma 8.5. Let A be a commutative unital locally convex algebra and (A, T",a) be 
a noncommutative principal T"-bundle. Further, let x G and z ^ Z with x(z) ^ such 
that the corresponding (smooth) localized dynamical system (A^^j, T", a^^-j) is a trivial 
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noncommutative principal T"'-bundle. Then the T"-action map 
of Lenima \7.9\ is free. 

Proof. The assertion follows from fact that each trivial noncommutative principal torus 
bundle defines a free action of T" on its spectrum (cf. [311 Proposition 1.4]). □ 



Reconstruction of Principal Torus Bundles 

In this part of the section we show how to recover the classical definition of principal torus 
bundles. We start with some general result relating smooth group actions and the corresponding 
smooth dynamical systems. 

Lemma 8.6. Let P be a compact manifold, G a Lie group and {C°°{P),G,a) a 
smooth dynamical system. Then each character x '■ Z ^ C is the restriction of an evaluation 
homomorphism 

6p : C°°{P) -^C, f{p) for some p e P. 

Proof. Let x : ^ ^ C be a character. If all functions of / := kerx vanish in the point p in 
P, then the maximality of / implies that / = (kerJp) Cl Z, i.e., that X = ^p\z- have to 

show that such a point exists. Let us assume that this is not the case. From that we shall derive 
the contradiction I = Z: 

(i) If such a point does not exist, then for each p € P there exists a function fpGl with 
fp{p) ^ 0. The family (/~^(C^))pgp is an open cover of P, so that there exist p\,. . . ,Pn G P 
and a smooth G-invariant function fp := X]r=i l/p; P > on P. Here, the last statement follows 
from the fact that each algebra automorphism of C°"{P) is automatically a ^-automorphism 
(cf. [m Remark 1.8]). 

(ii) In view of part (i) we obtain a function fpElCiZ which is nowhere zero. Thus, fp is 
invertible in C°°{P). We claim that its inverse hp := fp^ = is also G-invariant: For this we 
choose an arbitrary element g & G and note that fp-hp = l implies 

"(5)(^p) • fp = a{g){hp ■ fp) = 1. 

In particular, a{g){hp) = hp. Since g & G was arbitrary, we conclude that hp £ Z. 

(iii) Finally, part (ii) leads to the contradiction /p e / n Z^ , i.e., / = Z as desired. □ 

Proposition 8.7. Let P be a compact manifold, G a compact Lie group and {C°° (P) , G, a) 
a smooth dynamical system. Then the map 

$ : P/G ^ Tz, p.G ^ Sp 

is a homeomorphism. 

Proof We divide the proof of this proposition into four parts: 

(i) We first note that the quotient P/G is a compact Hausdorff space. Further, the map $ 
is well-defined since each function / S Z is G-invariant. 

(ii) Proposition 13.21 and the definition of the quotient topology on P/ G implies that $ is 
continuous. 
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(iii) The surjectivity of $ is a consequence of Lemma 18.61 (alternatively we can use 
Corollary 2.5]). To show that $ is injective, we choose elements p^p' e P with p.G ^p' .G. 
Since P is a manifold, there exist disjoint G-invariant open subsets U and y of P containing 
the compact subsets p.G and p' -G, respectively. Next, we choose a positive smooth function / 
on P which is equal to 1 on p.G and vanishes outside U . Then the function 



F -.P^C, F{q) 



f{'l-9)dg, 

G 



where dg denotes the normalized Haar measure on G, defines a smooth G-invariant function 
satisfying 

F{p) = 1^0 = F{p'). 

Here, we have used that the smooth action map a induces a smooth action of G on P (cf. (321 
Proposition 2.7]). Hence, 

5,{F)=F{p)^F{p') = 5,.{F) 

implies that 5p ^ i5p', i.e., $ is injective. 

(iv) So far we have seen that $ is a bijective continuous map from a compact Hausdorff space 
onto a Hausdorff space. Thus, the claim follows from a well-known theorem from topology 
guaranteeing that $ is a homeomorphism. □ 

For a compact manifold P, a compact Lie group G and a dynamical system (G°°(P), G, a) 
we write pr : P — > f'/G, p i— ^ p.G for the canonical quotient map. Moreover, we identify D{z) 
with an open subset of P/G via the homeomorphism of Proposition 18 . 71 and define 

Poi^) ■.= pT-\D{z)). 

For the following lemma we recall that Da{z) := {x £ F^ : x{^) 0}- 

Lemma 8.8. Let P be a compact manifold, G a compact Lie group and {C°°{P),G,a) a 
dynamical system. If A ^ C°°{P) and z ^ Z, then the map 

'^z ■■ Pd(z) Da{z), p^Sp 

is a homeomorphism. 

Proof This lemma is an easy consequence of Proposition 13.21 □ 
Proposition 8.9. Suppose we are in the situation of Lemma \8.8[ Then the map 

is a homeomorphism. In particular, ^'c^{p}^ j becomes a smooth manifold when endowed with 
the smooth structure turning the map {z} into a diffeomorphism. 

Proof The claim is a direct consequence of Remark l7.10p and Lemma 15751 Indeed, we just 
have to note that '^{z} = ^{z} ° ^z-- D 



Remark 8.10. (Freeness is a local condition). Let a : X x G X be an action of a 
topological group G on a topological space X and let pr : X — > X/ G be the corresponding 
quotient map. Then a short observation shows that the action a is free if and only if there 
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exists an open cover {Ui)i^i of the quotient space X/G (with respect to the quotient topology) 
such that each restriction map 

cji : X G ^ Xu,, (Ti{x,g) -.^ a{x,g), 

where Xu. :— pr^^(L/i), is free. 

Theorem 8.11. [Reconstruction Theorem). For a manifold P, tlie following assertions 
hold: 

(a) If P is compact and (C°°(P), T", a) is a smooth noncommutative principal T"-bundle, 
then we obtain a principal V^-bundlc {P, P/T", T", pr, a), where 

(7 : P X T" P, {Sp, t) ^ Sp o a{t). 

Here, we have identified P with the set of characters via the map $ from Proposition \3.2l 

(b) Conversely, if {P,M,T"',q,a) is a principal T^-bundle, then the corresponding smooth 
dynamical system (C°°(P), T", a) is a smooth noncommutative principal T"" -bundle. 

Proof (a) We first note that the induced action map cr is actually smooth (cf. [321 
Proposition 2.7]). Since T" is compact, a is proper and in view of the Quotient Theorem 
(cf. |281 Kapitel VIII, Abschnitt 21]), it remains to verify the frecncss of a: For this, wc first 
note that the map a is free if and only if there exists an open cover of Tz of the form {D{zi))i^i 
such that each restriction map 

■ PD(zi) X IT" Pd{z,), o-i(<5p,g) := cr{Sp,g) 
is free (cf. Remark lS.lOp . Moreover, Proposition 18.91 implies that 

*{.}(^('5p,t)) = *M('^P°a(0) = *M(<5p)° = '^m(*m('^p),*) 

holds for each z ^ Z , p E P and t E T'\ Therefore, the freeness of fi is a consequence of Remark 
[H31(i) and Lemma 1531 

(b) Conversely, we have to show that the condition of Definition [8?2] is satisfied: This will be 
done in the following three steps: 

(i) We first note that Z 5^ C°°{M) (cf. [lU Proposition 2.4]). Hence, Fz is homcomorphic 
to M by Proposition [321 

(ii) Next, we choose an open cover {Ui)i£i of M such that each P[/. is a trivial principal G- 
bundle over Ui, i.e., such that Pj/. = J7i x T" holds for each i G /. Further, we choose for alH G / 
a C/i-defining function fi and note that each function hi :~ fi o q is a (smooth) Pf/^ -defining 
function. 

(iii) For p E P we choose i G / with q{p) G Ui. Then hi is an element in Z with hi{p) ^ 
and we conclude from Corollary 15.61 that the map 

0. : C-(P)(,.} ^ C-(PaJ, [F] ^(^p^F (j^yp)) 

is an isomorphism of unital Frechct algebras. Moreover, the map (pi is T"-equivariant. In fact, 
we have 

for all t G T" and [F] G C°°(P){/j.}. In particular, the corresponding localized dynamical system 
(C°° (P)j;j. J, T", «{-/;.}) carries the structure of a smooth trivial noncommutative principal 
T^-bundle, since it is isomorphic to the smooth trivial noncommutative principal T"-bundle 
{C°°{Puj),'T",ctUi) corresponding to the trivial principal T"-bundle Pjj^ over Ui. □ 
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Example 1: Trivial Noncommutative Principal Bundles 

We show that each trivial noncommutative principal T"-bundle carries the structure of a 
noncommutative principal T"-bundle: 

Theorem 8.12. {Trivial noncommutative principal torus bundles). Each trivial noncom- 
mutative principal T" -bundle (A, T",a) carries the structure of a noncommutative principal 
T" -bundle. 

Proof. If (A, T",a) is a trivial noncommutative principal T"-bundle, then Ia £ Z and 
x(1a) = 1 7^ holds for each x S ^z- In particular, Corollary 12.101 implies that = A 

holds as unital locally convex algebras. Therefore, (A,T",a) is a noncommutative principal 
T"-bundle in its own right. □ 



Example 2: Sections of Algebra Bundles with Trivial 
Noncommutative Principal Torus Bundles as Fibre 

We show that if ^ is a unital Prechet algebra and {A, T", a) a smooth trivial noncommutative 
principal T"-bundle such that Z = is isomorphic to C, then the algebra of sections of each 
algebra bundle with "fibre" {A, T", a) is a noncommutative principal T"-bundle. We start with 
the following proposition: 

Proposition 8.13. If{A,T",a) is a (smooth) trivial noncommutative principal T"--bundle 
and M a manifold, then the triple {C°° (M, A) , T" , /?) of Lemma 17.51 is also a {smooth) trivial 
noncommutative principal T"- -bundle. 

Proof The claim directly follows from the fact that the algebra A is naturally embedded 
in C°°{M,A) through the constant maps. In fact, if k e Z", then the corresponding isotypic 
component C°°{M,A)k is equal to C°° {M, A^) and thus contains invertible elements. □ 

Definition 8.14. (The automorphism group of a dynamical system). Let {A,G,a) be a 
dynamical system. The group 

AutG(A) := y e Aut(A) : (Vg £ G) a{g) o if ^ ip o a{g)} 

is called the automorphism group of the dynamical system {A,G,a). 

Example 8.15. li A ^ C°°{M x G), then [Nc08b], Proposition 1.4.8 implies that 

AutG(A) = C°°{M,G) Diff(A/), 
where 7 : Difr(M) Aut(C°°(Af, G)), j{ip).f / o ip-^. In particular, ii A = C°°(G), then 

AutG(A) ^ G. 

Example 8.16. If is the smooth noncommutative n-torus and (Tg,T",a) the 
corresponding smooth dynamical system of Example 11.21 (b) , then 



AutT-W) =T". 
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Indeed, we first recall that Tg is generated by unitarics ?7i, . . . , [/„■ If now if G AutT"(Tg), 
2; S T" and Ur {1 < r < n) is such a unitary, then 

Z.ip{Ur) = (p{z.Ur) = ip{Zr ■ Ur) = Zr ■ f(Ur) 

leads to (p{Ur) ~ \r ■ Ur for some \r G . Since Ur is a unitary and lyS is a *- automorphism (Tg 
is a *-algebra), we conclude that A.,. G T. In particular, each clement in AutT"(Tg) corresponds 
to an element in T" and vice versa. 

Proposition 8.17. {Cocydc description of bundles). Let {A, G, a) be a smooth dynamieal 
system and M a manifold. Further, let {Ui)i^i be an open cover of M and Uij := Ui n Uj for 
i,j G /. If {gij)i.jei j's a collection of functions gij G C°°{Uij, AutG{A)) satisfying 

gu = 1 and gi^gjk = 9ik on Uijk := U^ n Uj n Uk, 
then the following assertions hold: 

(a) There exists an algebra bundle (A, M, A, q) and bundle charts ipi : Ui x A ^ Ajj. such that 

(V7^ °fj){x,a) = (x,gy(a;).a). 

(b) The map 

a : G X A ^ A, (g, a) i-> ipi{x, a{g).ao), 

for i £ I with x = q{a) G Ui and ao G A with (pi{x, ao) = a, defines a smooth action of G 
on A by hbrewise algebra automorphisms. 

Proof (a) A proof of the first statement can be found in |26l Part I, Section 3, Theorem 
3.2]. 

(b) The crucial point is to show that the map cr is well-defined: For this let i,j G / with 
X = q{a) G Uij, ao G A with (pi{x, ao) = a and ag G A with ipj{x, Uq) = a. Then ao = gij{x).a'Q 
leads to 

LPi{x,a{g).ao) = ipi{x,a{g){g^j{x).a'o)) = Lpi{x, gij{x){a{g).a'o)) = (pj{x,a{g).ao). 

Further, a short calculation shows that a defines an action of G on A by fibrewise algebra 
automorphisms. Its smoothness follows from the local description by a smooth function. □ 

Proposition 8.18. Suppose we are in the situation of Proposition 18. i 71 Then the map 

/3 : G X FA ^ PA, I3{g, s){m) := <j{g, s{m)) 

defines a smooth action of G on PA by algebra automorphisms. In particular, the triple 
(FA, G, 13) is a smooth dynamical system. 

Proof. That the map 13 defines an action of G on FA by algebra automorphisms is a 
consequence of Proposition 18.171 (b). To verify the smoothness of (3, wc first choose a bundle 
atlas {(fii, Ui)ii=i of (A, M, A, q) and use the definition of the smooth structure on FA: In fact. 
Remark 14.91 implies that the map (3 is smooth if and only if each map 

$i 0/3 : G X FA^ G°°(f7,,A), {g,s) ^ a{g) o s, 

is smooth. Next, we recall that each map 

a, : G X G°°(C/„ A) ^ C^{U,,A), {g, f) ^ a{g) o / 

is smooth by Lemma 17.51 Since ^i o /3 = ai o (idc x^i) for each i £ I, each map ^i o /3 is 
smooth as a composition of smooth maps. □ 
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Remark 8.19. For the next theorem we recall that the smooth dynamical systems 
(Tg , T", a) of Example [12] (b) provide a class of examples of trivial noncommutative principal 
T"-bundles for which C^„ is isomorphic to C. 

Theorem 8.20. Let A be a unital Frechet algebra and {A,T"-,a) a smooth trivial 
noncommutative principal T"-bundlc such that C\ is isomorphic to C. Further, let M be a 
manifold, {Ui)i^i an open cover of M and Uij := Ui n Uj for i,j G /. If {gij)i,jei ^ collection 
of functions gij G C°° {Uij , Autjn (A)) satisfying 

gu = 1 and gi^gjk = gik on Uijk := Ui Ci Uj Ci Uk, 

then the smooth dynamical system (FA, T" , /3) of Proposition 18.181 is a noncommutative 
principal T" -bundle. 

Proof, (i) We first note that Z := Cp2 == C°°{M). In particular, the spectrum Tz is 
homeomorphic to M. 

(ii) Next, we choose for each i £ / a t/i-defining function Further, for rn e M, we choose 
i € I with m £ Ui. Then fi is an element in C°"{M) with fi{m) ^ and we conclude from 
CoroUarv 15.81 that the map 

cbu, : FA{/j ^ TAu,, [F] ^ F o (^j x idu,^ 

is an isomorphism of unital Frechet algebras. Moreover, the map (j)u. is T"-equivariant. In fact, 
wc have 

for all t e T" and [F] E TA^f.y. Since the natural isomorphism between the space FAy^ 
and C°°{Ui,A) is also a T"-equivariant isomorphism of unital Frechet algebras (cf. Propo- 
sition 18.171 (a)), it follows from Proposition 18.131 that the corresponding dynamical system 
(rA{j.}, T", /3{jr.j) of Proposition 17.61 carries the structure of a smooth trivial noncommutative 
principal T"-bundle. □ 

Example 8.21. (Non-triviality of the previous construction) . In this example we show that 
the previous construction actually leads to non-trivial examples. For this we apply Theorem 
18.201 to the trivial noncommutative principal T"-bundle (Tg,T",a). In view of Example 18.161 
we have 

AutT"TO)=T". (8.1) 

In particular, a similar argument as in [301 Proposition 2.1.14] implies that there is a one-to- 
one correspondence between the algebra bundles arising from Proposition 18.171 and principal 
T"-bundles. Thus, if {A, M,Tg,q) is such an algebra bundle which corresponds to a non- 
trivial principal T"-bundlc, then also (A, M,Tg ,q) is non-trivial as algebra bundle. Wc claim 
that the associated smooth dynamical system (FA,T",/3) of Proposition 18.181 is a non-trivial 
noncommutative principal T"-bundle. To prove this claim we assume the converse, i.e., that 
(FA, T",/3) is a trivial noncommutative principal T"-bundle. For this, we rename the open 
subsets Ui of M of Theorem 18.201 to Oi in order to avoid an abuse of notation and proceed as 
follows: 

(i) We first recall that Tg is generated by unitaries J7i,...,[/„ and that its elements are 
given by (norm-convergent) sums 

a= "kC/"", with (ak)k6Z" e S'(Z"). 
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Here, 

[/^ •••[/^■". 

(ii) For each 1 < r < n let (FA),, be the isotypic component corresponding to the canonical 
basis element e,. = (0, . . . , 1, . . . , 0) of Z". Then the definition of the action /3 implies that 

(FA),. = {s e FA : (Vz e T") z.s = z,. ■ s} 

= {s e FA : (Vm £ M) s{m) G (T^),„,.}, 

where {Tg)„i^r denotes the isotypic component of the fibre ifg)m corresponding to e^. Since 
(FA, T",/?) is assumed to be a trivial noncommutative principal T"-bundle, we may choose in 
each space (FA)^ an invertible element Sr ■ A-t ^ FA. 

(iii) If Sr.i prT^ "'PT^ ° ^r\Oi '■ Oi ^ Tg (cf. Construction l4.3[) . then Sr,i = \r,i • Ur for some 
smooth function A^.i : Oi — >■ C^. Moreover, the compatibility property for {sr,i)i^i and (j8.1[) 
imply that \\r,j \ = for all i,j G /. Hence, we may choose a section : M — )■ FA which is 
locally given by A^.i • Ur for some smooth function Ar,i : Oi — > T. 

(iv) We now show that the map 

(p:Mx ^ A, I m, a = ^ a)^U^ ] >^ ^ akSi(m)'=i • ■ • s„(m)'=" 

V keZ" / kGZ" 

is an equivalence of algebra bundles over M. Indeed, ip is bijective and fibrewise an algebra 
automorphism. Moreover, the map ip is smooth if and only if the map 

\ keZ" / keZ" 

is smooth for each i G I. Since 

4),{x,a)= Y akAi,,(a;)''i •••A„,,;(x)'^"[/'', 
keZ" 

we conclude that ipi ~ ao ((Ai^i, . . . , \n,i) x idT")j i-C, that ipi is smooth as a composition of 
smooth maps. A similar argument shows the smoothness of the inverse map. 

(v) We finally achieve the desired contradiction: In view of part (iv), A is a trivial algebra 
bundle contradicting the construction of A, i.e., that A is non-trivial as algebra bundle. This 
proves the claim. 

Remark 8.22. In this remark we want to point out that there exist non-trivial algebra 
bundles which arc trivial as noncommutative principal torus bundles: In fact, |16l Corollary 
12.7] implies that the 2-tori are mutually non-isomorphic for < < ^. Further, if 9 
is rational, & = n ^ Z, mSN relatively prime, then Ag is isomorphic to the algebra of 
continuous sections of an algebra bundle over with fibre A'/m(C) (cf. |16l Proposition 12.2] or 
[30j . Proposition E.2.5 for the smooth case). Therefore, the (continuous) bundle corresponding 
to such a rational quantum torus Ag, 9 rational with < < ^, is non-trivial as algebra 
bundle. Since the smooth noncommutative 2-torus Tg is a dense subalgebra of Ag, the same 
conclusion holds for the (smooth) bundle corresponding to Tg. Nevertheless, the associated 
dynamical systems (Ag,T",a) and (Tg,T",a) of Example 11.21 are trivial noncommutative 
principal T^-bundles. 

Example 3: Sections of Algebra Bundles which are PuU-Backs of Principal Torus Bundles 

We show that if ^ is a unital Frcchct algebra with trivial center, (A, M, A, q) an algebra 
bundle and (P, M, T", tt, cr) a principal T"-bundlc, then the algebra of sections of the pull-back 
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bundle 

7r*(A) {{p,a) £ P x A : Tr{p) = q{a)} 
is a noncommutative principal T"-bundle. We start with the following lemma: 

Lemma 8.23. If A is a unital locally convex algebra and M a manifold, then the map 

a:Gx C°°{M x T", A) ^ C°°(M x T",^), (i, /) ^ {t.f){m,t') := f{m,tt') 

defines a smooth action of T" on C°° [M x T" , A) by algebra automorphisms. In particular, 
the triple {C°°{M x T", A), T", a) is a smooth trivial noncommutative principal V^-bundle. 

Proof For the proof we just have to note that the algebra C°°{M x T") is naturally 
embedded in C°°{M x T",^) through the unit element of A. The smoothness of the map 
a can be proved similarly to Lemma 17.51 □ 

Lemma 8.24. If (A, M, A,q) is an algebra bundle, {P,AI,G,TT,a) a principal bundle and 
IT* (A) the pull-back bundle over P, then the map 

a:TT*{A) xG^7r*(A), {{p,a),g) ^ {p.g,a) 

defines a smooth action of G on tt* (A) . 

Proof. We first note that the map a is well-defined. Its smoothness follows from local 
considerations and we leave the details to the reader. □ 

Proposition 8.25. Suppose we are in the situation of Lemma W^ If A := r7r*(A), then 
the map 

a:GxA^ A, a{g, s){p) :== cr{s{p.g), g-^) 

defines a smooth action of G on A by algebra automorphisms. In particular, the triple {A, G, a) 
is a smooth dynamical system. 

Proof An easy calculation shows that the map a is a well-defined action of G on ^ by 
algebra automorphisms. Next, we choose a bundle atlas {(pi,Ui)i^i of {A, M, A, q) with the 
additional property that each Vi := Tr^^{Ui) is trivial. Then {n* {ipi),Vi)iQi is a bundle atlas of 
the pull-back bundle 7r*(A) over P and we can use the definition of the smooth structure on 
A to verify the smoothness of the map a: In fact, Remark l4.9l implies that a is smooth if and 
only if each map 

<^>, o a : G X A ^ G°°{V^,A), {g, s) ^ s, o (crg)|y^ 

is smooth. For this we note that each map 

a, : G X C°°m,A) ^ G°°(K„ A), {g, f)^fo 

is smooth and further that $i o a = o (idc x$i) holds for each i G /. Thus, each map $^0/3 
is smooth as a composition of smooth maps. □ 

Theorem 8.26. Let A be a unital Frechet algebra with trivial center, {A,M,A,q) an 
algebra bundle and (P, M, T", tt, cr) a principal bundle. If tt*{A) is the pull-back bundle over 
P and A := r7r*(A), then the smooth dynamical system (.A, T",a) of Proposition \8.25\ is a 
smooth noncommutative principal T"' -bundle. 
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Proof, (i) We first note that Ca = C°°{P) and therefore that Z = = C°°{M) (cf. [31 
Proposition 2.4]). In particular, the spectrum Tz is homeomorphic to M. 

(ii) Next, we choose an open cover {Ui)i^i of M such that both Ay. and Vi := Pjji arc trivial, 
i.e., such that Ajj^ ^ Ui x A and Vi = Ui x T" hold for each i G I. Further, we choose for each 
i G I a J7i-defining function fi and note that each function hi := fi o q is a (smooth) Vi-defining 
function fi. 

(iii) For p g P we choose i € I with q{p) S Ui. Then hi is an element in Z with hi{p) ^ 
and we conclude from Corollary 15.81 that the map 



is an isomorphism of unital Frechct algebras. Moreover, the map (j)Vi is T"-equivariant. In fact, 
we have 

(0v. oa{^.})(t, [F])^ait,(bvA[F])) 

for all t G T" and [F] e A^hi}- Since the natural isomorphism between the space Avi and 
C°°{Ui X T", A) is also a T"-equivariant isomorphism of unital Frechet algebras, the dynamical 
system (^{/jj, T", aj^.j) carries the structure of a smooth trivial noncommutativc principal 
T"-bundlc (cf. Lemma'[5IlSl) . □ 



Example 8.27. (Non-triviality of the previous construction). In this example we show 
that the previous construction actually leads to non-trivial examples. Therefore let SU3(C) be 
the special unitary group of rank 3. It is a well-known fact that SU3(C) is a 1-connected, 
i.e., connected and simply-connceted. Lie group (cf. |191 Proposition 16.1.3]). Moreover, 
SU3(C) contains a maximal torus of dimension 2. Identifying with this torus leads to a 
non-trivial principal bundle (SU3 (C), SU3(C)/T2, T^, pr, cr), where pr : SU3(C) ^ SU3(C)/T2 
denotes the canonical quotient map and a is the natural subgroup action. Next, let us 
consider the trivial algebra bundle over SU3(C)/T^ with fibre M„(C). The pull-back along 
(SU3(C),SU3(C)/T2,T2,pr,cr) leads to the trivial algebra bundle over SU3(C) with fibre 
M„(C). We claim that the associated smooth dynamical system {A,T'^,a) of Proposi- 
tion 18.251 is a non-trivial noncommutative principal T^-bundle. Here we have, of course, 
A = C°°(SU3(C), M„(C)). To prove this claim we assume the converse, i.e., that (^, T^,a) 
is a trivial noncommutative principal T^-bundle and proceed as follows: 

(i) Since („4, T^,a) is assumed to be a trivial noncommutativc principal T^-bundlc, there 
exist invertible elements F G »4(i_o) and F' S ^(0,1) • 

(ii) Part (i) now implies that / := Det(F) G C°°(SU3(C)). Since F is invertible, so is /, i.e., 
/ takes values in C^. In view of |31l Proposition 1.9], we may assume that / takes values in 
T. Moreover, the function / satisfies 

(ti, ^2)./ = (ii, t2). Det(P) = Det(ti • F) = t^" • Det(P) = ■ f. 

The same construction applied to F' gives an invertible element /' G C°°(SU3(C)) which takes 
values in T and satisfies 

(^1,^2)./' = (ti,i2).Dct(F') = Dct(t2 ■ F') = q ■ Det(F') - q ■ /'. 

Here we have used that the action of on A restricts to an action on = C°°(SU3(C)). 

(iii) Let pn : T — > T, t be the n-fold covering map of the 1-torus. Since SU3(C) is simply 
connected, we can lift / to a smooth function / : SU3(C) — >• T satisfying Pn ° f = f ■ Further, 
a short observation shows that (ti, i2)-/ = ti ■ f. In particular, we obtain an invertible element 
/ G C°°(SU3(C))(i 0) which takes values in T. A similar construction leads to an invertible 
element /' G C°°(SU3(C))(o,i) which takes values in T. 
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(iv) Finally, part (iii) leads to the desired contradiction: Indeed, we conclude that the smooth 
functions / and /' define an equivalence of principal T^-bundles over SU3 (C) /T^ given through 
the map 

^ : SU3(C) ^ SU3(C)/T2 X TV, M ^ (pr(Af ), /(M), f'{M)). 
This is not possible, since SU3(C)/T^ is simply-connected. 

Remark 8.28. (a) For a discussion on infinitesimal objects for the noncommutative space 
C°°(SU3(C),M„(C)) we refer to [Mas08], Section 3 or [30l Section 11.3]. 

(b) The same argument as in Example 18 . 2 71 works for every principal bundle (P, M, T", q, <t) 
which has a simply connected total space P. 



Example 4: Sections of Trivial Equivariant Algebra Bundles 

We now consider again a principal bundle (P, M, G, q, a) and, in addition, a unital 
locally convex algebra A. If tt : G x A — s- A defines a smooth action of G on A by algebra 
automorphisms, then 

{p,a).g ■- {p.g,TT{g~^).a) 

defines a (free) action of G on P x A and one easily verifies that the trivial algebra bundle 
(P x A,P,A,qp) is G-equivariant. Moreover, a short observation shows that the map 

a : G X G°°(P, A) ^ G°°(P, A), {g.f){p) := 7r{g).f{p.g) 

defines a smooth action of G on C°°{P,A) by algebra automorphisms. We recall that the 
corresponding fixed point algebra is isomorphic (as G°° (M)-module) to the space of sections 
of the associated algebra bundle 

A := P A := P Xg A ■- {P X A)/G 

over M. In fact, we refer to |30L Construction 2.1.13] if A is finite-dimensional. If A is not finite- 
dimensional, then one can use that bundle charts for (P, M, G, q, a) induces bundle charts for 
the associated algebra bundle. 

Lemma 8.29. The above situation applied to the trivial principal bundle (M x 
T", Af, T", ctt") leads to a smooth trivial noncommutative principal T^-bundle {C°°{M x 
T", A), T", a) with hxed point algebra C°°{M, A). 

Proof. For the proof we again just have to note that the algebra C^{M x T") is naturally 
embedded in C°°{M x T",A) through the unit element of A. The smoothness of the map a 
can be proved similarly to Lemma 17.51 □ 

Theorem 8.30. If (P, M, T",7r,cr) is a principal bundle, A a unital Frechet algebra with 
trivial center and tt : G x A ^ A a smooth action of G on A, then the smooth dynamical 
system (G°°(P, A),G, a) is a smooth NCP G-bundle. 

Proof (i) We first note that Z = C°°{M) (cf. [H Proposition 2.4]). Hence, Tz is 
homeomorphic to M by Proposition [221 

(ii) Next, we choose an open cover {Ui)i^i of M such that each Pi Pjj. is a trivial principal 
T"-bundle over Ui, i.e., such that Pi^Ui x T" holds for each i G /. Further, we choose for all 
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i G I a C/i-defining function fi and note that each function hi fi o q is a, (smooth) /^-defining 
function fi. 

(iii) For p £ P we choose i E I with q{p) E Ui. Then hi is an element in Z with hi{p) ^ 
and we conclude from Corollary 15.81 that the map 

<^P, : C^{P, ^ A), [F]^Fo(^^x idp}j 

is an isomorphism of unital Frechct algebras. Moreover, the map (pp. is T"-equivariant. In fact, 
we have 

(0P, oa{,^})(t, [F])^a{t,(bpA[F])) 

for all t e and [F] e C°°{P, A)[h^y. Since the natural isomorphism between C°°(Pi, A) and 
C°°{Ui X T", A) is also a T"-equi variant isomorphism of unital Frechet algebras, the dynamical 
system (C°°(Pi, T", carries the structure of a smooth trivial noncommutative 

principal T"-bundle (cf. Lcmma r8.29p . □ 

Remark 8.31. (Non-triviality of the previous construction). Non-trivial examples can be 
constructed similarly as in Example 18.271 



Example 5: A Very Concrete Example of a Noncommutative Principal Torus Bundle 
Let TT : M — > T be the universal covering of T, A = C°°{T'^) and note that the map 
7 : Z ^ Aut(A), (7(n)./)(zi,Z2) = /(zi, z^z^) 
defines a (smooth) action of Z on A. Wc thus can form the associated algebra bundle 

q:A:=Rx^A^T, [rJ]^TT{r), (8.2) 

with fibre A. 

Proposition 8.32. The space FA of section of the bundle (I8.2p carries the structure of a 
non-trivial noncommutative principal bundle T-bundle. 

Proof The proof of this claim is divided into the following five steps: 

(i) We first note that the map 

VP : C^{R,Af^ FA, vI/(/)(^(r)) [r,/(r)], 

is an isomorphism of unital Frechet algebras. Indeed, both C°°(M, A)^ and FA arc unital Frechet 
algebras. An easy calculation shows that the map $ is an isomorphism of unital algebras, and 
its continuity is a consequence of the topology on FA (cf. Definition 14. 3p . Finally, the Open 
Mapping Theorem (cf. |24l Chapter III, Section 2.2]) implies that ^1/ is open. 

(ii) From Lemma [6.21 we conclude that 

C°°(M, Af ^ {f -.R^ A: (Vr e M, n e Z) /(r + n) = j{-n).f{r)} 
is isomorphic (as a unital Frechet algebra) to 
{/^ : M X T2 ^ C : (Vr G M, (zi, Z2) et\ne Z) /^(r + n, zi,Z2) = /^(r, Zi, zf^zs)}. (8.3) 

(iii) The action of Z on M x corresponding to (|8.3p is given by 

criMxT^xZ^MxT^ ((r, zi, za), n) ^ {r + n, zi, zj'zs). 
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Moreover, this action is free. To verify its properness, we take two compact subsets K and L 
of M X T^. Then there exists no £ N such that the projection of K onto M is contained in the 
interval [— 7io,7io]- This imphes that the set {?i G Z : K D L.n ^ 0} is finite and thus that a 
is proper (cf. [Ne08b], Example 1.2.2 (a)). In view of the Quotient Theorem (cf. |28l Kapitel 
VIII, Abschnitt 21]), we get a Z- principal bundle 

(M X T^Af,Z,pr,cr), 

where M := (K. x T^)/Z and pr : M x — !■ M denotes the canonical quotient map. In partic- 
ular, we conclude from (i), (ii) and the previous discussion that FA is canonically isomorphic 
to C°°(M). 

(iv) Next, one easily verifies that the map 

a' -.MxT^M, {[{r,zi,Z2)],z) ^ [{r,zi,Z2z)] 

defines a smooth action of T on M, which is is free and proper. We thus get a T-principal bundle 
(M, M /T, T, pr', a'), where pr' : M — >■ M/T denotes the canonical quotient map. In particular, 
Theorem lS. 111 (b) implies that the triple {C°° {M),T, a) is a smooth noncommutative principal 
bundle T-bundle. 

(v) It remains to show that M is non-trivial as principal T-bundle over M/T = T^. For this 
it is enough to show that 7ri(M) ^ Z^. Indeed, if M ^ T^, then 7ri(M) ^ Z^. We proceed 
as follows; Let R k 5 be the (left-) semidirect product of M and M.'^ defined by the 
homomorphism 

S -.R^ Aut(M2), S{r){x,y) := {x,y + rx). 

Then the assignment 

(r, X, y).n :— {n, 0, 0)(r, x', y) = (f + n, x, y + ra;), r, x, y G M, n G Z, 

is the lifting of the action a of part (iii) to (the universal covering) R"^ (= R K5 as manifolds). 
In particular, the homogeneous space defined by the discrete subgroup Z k s Z^ of R k 5 R-^ is 
diffeomorphic to M, i.e., 

(R Ks R^)/(Z KsZ^) = M. 

We thus conclude from the corresponding exact sequence of homotopy groups (cf. [Br93], 
Theorem VII.6.7 or [Ne08b], Theorem 6.3.17) that the map 

61 : 7ri(M) ^ 7ro(Z Kg Z^) = Z Kg Z^ Si{['^]) := {n, 771,771'), 

where {71,777,777') Z k s '^'^ is such that 7(1) = 7(0).(n, m, m') holds for a continuous lift 
7 : [0, 1] R Xs R^ of the loop 7 in M with 7(0) = (0, 0, 0), is an isomorphism of groups. 
This proves the claim. □ 



9. Outlook: Towards a Classification of Noncommutative Principal Torus Bundles 

In Section[5]we have introduced the concept of (non-trivial) noncommutative principal torus 
bundles. Since we gave a complete classification of trivial noncommutative principal torus 
bundles in j31l Section 4], it is, of course, a natural ambition to work out a classification theory 
for (non-trivial) noncommutative principal torus bundles. To be more precise, the problem is 
the following: 

Open Problem 9.1. (Classification of noncommutative principal torus bundles). Let B 
be a unital locally convex algebra. Work out a good classification theory for noncommutative 
principal T"-bundles (A, T",a) for which = B, i.e., classify all noncommutative principal 
T" -bundles {A,T",a) for which A^" = B. 
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As is well-know from classical differential geometry, the relation between locally and globally 
defined objects is important for many constructions and applications. For example, a (non- 
trivial) principal bundle (P, M, G, q, cr) can be considered as a geometric object that is glued 
together from local pieces which are trivial, i.e., which are of the form U x G for some (arbitrary 
small) open subset U of M. This approach immediately leads to the concept of G- valued 
cocycles and therefore to a cohomology theory, called the Cech cohomology of the pair {M, G). 
This cohomology theory gives a complete classification of principal bundles with structure 
group G and base manifold M (cf. |281 Kapitel IX. 5]). 

Open Problem 9.2. (A noncommutative Cech cohomology). In view of the previous 
discussion, a possible approach to the Open Problem 19.11 is to work out a noncommutative 
version of the Cech cohomology. For this, it is worth to study the paper |10j . Moreover, ideas 
of the classification methods for loop algebras of [l] might be of particular interest. Also, 
a possible point of view for the relation between locally and globally defined objects in the 
noncommutative world can be found in [7]; their subspaces are described by ideals and one 
glues algebras along ideals, using a pull-back construction. 

Remark 9.3. (Classification of locally trivial Hopf-Galois Extensions). A classification 
procedure for noncommutative principal torus bundles may as well lead to a classification 
theory of so-called locally trivial Hopf-Galois extensions (cf. P.M. Hajac (editor): Quantum 
symmetries in noncommutative geometry, in preparation). 



Appendix A. The Projective Tensor Product 

This part of the appendix is devoted to some results concerning the projective tensor product 
of locally convex spaces. 

Definition A.l. (The projective tensor product). Let E and F be two locally convex 
spaces. Further, let £^ F be the algebraic tensor product of E and F. The projective tensor 
product E ® F oi E and F is the algebraic tensor product E Q F equipped with the strongest 
locally convex topology for which the canonical "projection" 

n:E xF^EQF, {e, f) ^ e Q f 

is continuous. The corresponding completion oi E (g) F with respect to this topology is denoted 
by E^F. 

Remark A. 2. (Universal property of the projective tensor product). We recall that the 
projective tensor product E ^ F at two locally convex spaces E and F has the following 
universal property: For every locally convex space Z the canonical (algebraic) isomorphism of 
the space of bilinear maps oi E x F into Z onto the space of linear maps oi E ^ F into Z induces 
an (algebraic) isomorphism of the space of continuous bilinear maps oi E x F into Z onto the 
space of continuous linear maps oi E (x) F into Z. In particular, a bilinear map ip : E x F ^ Z 
is continuous if and only if there exists a continuous linear map ip : E (x) F ~¥ Z satisfying 
ip o TT — ip. A nice reference for these statements can be found in j291 Part III]. 
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Lemma A. 3. Let E,E',F and F' be four locally convex spaces. Further, let a : E ^ E' 
and (3 : F ^ F' he two continuous linear maps. Then the linear map 

a® /3 : E® F ^ E' (E)F', a ® /3(e (g) /) := a{e) /3(/) 

is continuous. 

Proof. If t:' : E' X F' ^ E' ® F', [e' , f) ^ e' ® f denotes the canonical "projeetion" , 
then the elaim follows from the fact that tt' o (a x j3) is continuous as a composition of 
continuous maps. □ 

Proposition A. 4. Let A and B be two locally convex algebras. Then A<^ B becomes a 
locally convex algebra, when equipped with the multiplication 

m: A^BxA^B^A^B, m{a ® 6, a' b') := aa' ® bb'. 

Proof, (i) Suppose that the algebra structure on A is given by the continuous bilinear map 

mA : A X A ^ A, aa' :~ mA{a, a') 
and that the algebra structure on B is given by the continuous bilinear map 

ms : B X B ^ B, bb' 771.5(6, b'). 



Then Remark IA.2I implies that the map mA, resp. tob, induces a continuous linear 



m 



A® A^ A, a®a'^ aa' , 



resp. 

m^ : B ® B ^ B, b®b' ^ bb' . 

(ii) To show that the map m defines the structure of a locally convex algebra on A® B, we 
use Remark IA.2I again: Indeed, the bilinear map m is continuous if and only if the linear map 

n: A®A®B®B^A®B, n{a ® a' ®b ®b') := aa' ®bb' 

is continuous. Here, we have used the canonical isomorphism 

A®B®A®B^A®A®B®B. 

Now, a short observations shows that n = mA ® mB, and therefore Lemma IA.3I implies that 
m is continuous. □ 



Appendix B. The Smooth Exponential Law 

In the last part of the appendix we discuss some useful results on the smooth exponential 
law which will be used several times in this paper. 

For arbitrary sets X and Y, let be the set of all mappings from X to Y. Then the 
following "exponential law" holds: For any sets X, Y and Z, we have 

as sets. To be more specific, the map 

z^'x^'-iz^f, f^r 

is a bijection, where 

r-.x^z"-, fix) ■.= f{x,-). 
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The inverse map is given by 
where 

Next we consider an important topology for spaces of smooth functions: 

Definition B.l. (Smooth compact open topology). If M is a locally convex manifold and 
E a locally convex space, then the smooth compact open topology on C°°{M, E) is defined by 
the embedding 

C^{M,E)^ n C{T''M,T^E), / (r"7)„eNo, 

neNo 

where the spaces C{T"M, T^E) carry the compact open topology. Since T^E is a locally convex 
space isomorphic to E^ , the spaces C{T^^M, T^E) are locally convex and we thus obtain a 
locally convex topology on C°° (M, E) . 

It is natural to ask if there exists an "exponential law" for the space of smooth functions 
endowed with the smooth compact open topology, i.e., if we always have 

C°°(M -kN,E)^ C°°{M,C°°{N,E)) (B.l) 

as a locally convex space, for all locally convex smooth manifolds Af , N and locally convex 
spaces E. In general, the answer is no. Nevertheless, it can be shown that (jB.ip holds if is 
a finite-dimensional manifold over M. To be more precise: 

Lemma B.2. Let M he a real locally convex smooth manifold, N a hnite-dimensional 
smooth manifold and E a topological vector space. Then a map f : M C°° (N, E) is smooth 
if and only if the map 

f^:MxN^ E, /^(TO,ri) := fim){n) 
is smooth. Moreover, the following map is an isomorphism of locally convex spaces: 
C°°{M,C°"{N,E)) ^ C°"{M X N,E), f ^ f". 

Proof A proof can be found in [221 Appendix, Lemma A3] . □ 
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